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PREFACE. 



The presentation of the Theory of Substitutions here given differs in 
several essential features from that which has heretofore been custom- 
ary. It will accordingly be proper in this place to state in brief the 
guiding principles adopted in the present work. 

It is unquestionable that the sphere of application of an Algorithm 
is extended by eliminating from its fundamental principles and its 
general structure all matters and suppositions not absolutely essential 
to its nature, and that through the general character of the objects with 
which it deals, the possibility of its employment in the most varied 
directions is secured. That the theory of the construction of groups 
admits of such a treatment is a guarantee for its far-reaching impor- 
tance and for its future. 

If, on the other hand, it is a question of the application of an aux- 
iliary method to a definitely prescribed and limited problem, the elab- 
oration of the method will also have to take into account only this 
one purpose. The exclusion of all superfluous elements and the 
increased usefulness of the method is a sufficient compensation for the 
lacking, but not defective, generality. A greater efficiency is attained in 
a smaller sphere of action. 

The following treatment is calculated solely to introduce in an 
elementary manner an important auxiliary method for algebraic inves- 
tigations. By the employment of integral functions from the outset, it 
is not only possible to give to the Theory of Substitutions, this operat- 
ing with operations, a concrete and readily comprehended foundation, 
but also in many cases to simplify the demonstrations, to give the 
various conceptions which arise a precise form, to define sharply the 
principal question, and— what does not appear to be least important— to 
limit the extent of the work. 

The two comprehensive treatises on the Theory of Substitutions 
which have thus far appeared are those of J. A. Serret and of C. Jordan. 

The fourth section of the " Algfebre Sup^rieure " of Serret is devoted 
to this subject. The radical difference of the methods involved here 
and there hardly permitted an employment of this highly deserving 
work for our purposes. Otherwise with the more extensive work of 
Jordan, the "Traits des substitutions et des Equations alg^briques." 
Not only the new fundamental ideas were taken from this book, but it 
is proper to mention expressly h^re that man^ of its proofs and pro- 
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IV PRBPAOB. 

cesses of thought also permitted of being satisfactorily employed in the 
present work in spite of the essential difference of the general treat- 
ment. The investigations of Jordan not contained in the " Traits " 
which have been consulted are cited in the appropriate places. 

But while many single particulars are traceable to this "Traits" 
and to these investigations, nevertheless, the author is indebted to his 
honored teacher, L. Kronecker, for the ideas which lie at the foundation 
of his entire work. He has striven to employ to best advai^itage the 
benefit which he has derived from the lectures and from the study of 
the works of this scholarly man, and from the inspiring personal inter- 
course with him; and he hopes that traces of this influence may appear 
in ihany places in his work. One thing he regrets: that the recent im- 
portant publication of Kronecker, "Grundztlge einer arithmetischen 
Theorie der algebraischen Grossen," appeared too late for him to derive 
from it the benefit which he would have wished for himself and his 
readers. 

The plan of the present book is as follows: 

In the first part the leading principles of the theory of substitutions 
.are deduced with constant regard to the theory of the integral func- 
tions; the analytical treatment retires almost wholly to the background, 
being employed only at a late stage in reference to the groups of solvable 
equations. 

In the second part, after the establishment of a few fundamental 
principles, the equations of the second, third and fourth degrees, the 
Abelian and the Galois equations are discussed as examples. After this 
follows a chapter devoted to an arithmetical discussion the necessity of 
which is there explained. Finally the more general, but still elementary 
questions with regard to solvable equations are examined. 

Stkassbubg, 1880. 



To the preceding I have now to add that the present translation 
differs from the German edition in many important particulars. Many 
new investigations have been added. Others, formerly included, which 
have shown themselves to be of inferior importance, have been omitted. 
Entire chapters have been rearranged and demonstrations simplified. 
In short, the whole material which has accumulated in the course of 
time since the first appearance of the book is now turned to account. 

In conclusion the author desires to express his warmest thanks to 

Mr. r. N. Cole who has disinterestedly assumed the task of translation 

and performed it with care and skill, 

j:UGEN NETTO. 

Gl^SSEK^ 1892r 



TEANSLATOK'S NOTE. 



The translator has confined himself almost exclusively to the 
function of rendering the German into respectable English. My thanks 
are especially due to The Register Publishing Company for their gener- 
ous assumption of the expense of publication and to Mr. C. !N". Jones, of 
Milwaukee, for valuable assistance while the book was passing through 

the press. 

F. N. COLE. 

Ann Arbor, February 27, 1892. 



TABLE OF CONTENTS. 



PART I. 
Theory of Substitutions and op Integral Functions. 

CHAPTER I. 

SYMMETRIO OR SINOLE-VALUED FUNCTIONS — ALTERNATING AND TW#-VAL.- 

4 

UED FUNCTIONS. 

1-3. Symmetric and single- valued functions. 

4. Elementary symmetric functions. 

5-10. Treatment of the symmetric functions. 

11. Discriminants. 

12. Euler's formula. 

13. Two- valued functions; substitutions. 

14. Decomposition of substitutions into transpositions^ 

15. Alternating functions. 

16-20. Treatment and group of the two- valued functions. 

CHAPTER II. 

MULTIPLE-VALUED FUNCTIONS AND GROUPS OF SUBSTITUTIONS. 

22. Notation for substitutions. 

24. Their number. 

25. Their applications to functions. 
26-27 . Products of substitutions. 

28. Groups of substitutions. 

29-32. Correlation of function and group. 

34. Symmetric group. 

35. Alternating group. 

36-38. Construction of simple groups. 

39-40. Group of order pf. 

CHAPTER III. 

THE DIFFERENT VALUES OF A MULTIPLE-VALUED FUNCTION AND THEIR 

ALGEBRAIO RELATION TO ONE ANOTHER. 

41-44. Relation of the order of a group to the number of values 

of the corresponding function. 



Tin 



CONTENTS. 



45. Groups belonging to the different values of a function. 

46-47. Transformation. 

48-50. The Cauchy-Sylow Theorem. 

51. Distribution of the elements in the cycles of a group. 

52. Substitutions which belong to all values of a function. 

53. Equation for a p- valued function. 

55. Discriminants of the functions of a group. 

56-59. Multiple- valued functions, powers of which are single- 
valued. 

CHAPTEE lY. 

TBAlJpiTIVITY AND PBIMITIVITT. SIMPLE AND COMPOUND GROUPS. 

' IHOMOBPmSM. 

60-61 . Simple transitivity. 

62-63. Multiple transitivity. 

64. Primitivity and non-primitivity. 

65-67. ]N'on-primitive groups. 

68. Transitive properties of groups. 

69-71. Commutative substitutions; self -con jugate subgroups. 

72-73. Isomorphism. 

74-76. Substitutions which affect all the elements. 

77-80. Limits of transitivity. 

81-85. Transitivity of primitive groups. 

86. Quotient groups. 

87 . Series of composition. 

88-89. Constant character of the factors of composition. 

91 . Construction of compound groups. 

92. The alternating group is simple. 

93. Groups of order p«. 

94. Principal series of composition. 

95. The factors of composition equal prime numbers. 
^ . Isomorphism . 

97-98. The degree and order equal. 

■99-101 . Construction of isomorphic groups. 

CHAPTER Y. 

ALGEBRAIC RELATIONS BETWEEN FUNCTIONS BELONGING TO THE SAME 
GBOUP. — FAMILIES OF MULTIPLE-VALUED FUNCTIONS. 



103-105. Functions belonging to the same group can be rationally 

expressed one in terms of another. 

106. Families; conjugate families. 

107. Subordinate families. 



CONTENTS. 



IX 



108-109. Expression of the principal functions in terms of the 

subordinate. 

110. The resulting equation binomial. 

111 . Functions of the family with non-vanishing discriminant. 

CHAPTER VI. 

THE NUMBER OP THE VALUES OP INTEGRAL FUNCTIONS. 

112. Special cases. 

113. Change in the form of the question. 

114-115 . Functions whose number of values is less than their degree. 

116. Intransitive and non-primitive groups. 

117-121 . (Jroups with substitutions of four elements. 

122-127. General theorem of C. Jordan. 

CHAPTER YII. 

CERTAIN SPECIAL CLASSES OP GROUPS. 

128. Preliminary theorem. 

129. Groups C with r = w — p. Cyclical groups. 

130. Groups Q with r = n=p. q, 

131. Groups Q with r = n=p^. 

132-135. Groups which leave, at the most, one element unchanged.— 

Metacyclic and semi-metacyclic groups. 
136. Linear fractional substitutions. Group of the modular 

equations. 
137-139. Groups of commutative substitutions. 

CHAPTER YIII. 

ANALYTICAL REPRESENTATION OP SUBSTITUTIONS. THE LINEAR GROUP. 



140. 
141. 

143. 
144. 
145. 
146-147. 



The analytical representation. 

Condition for the detining function. 

Arithmetic substitutions. 

Geometric substitutions. 

Condition among the constants of a geometric substitution. 

Order of the linear group. 



PART II. 

Application op the Theort op Substitutions to the Algebraic 

Equations. 
CHAPTER IX. 

the equations op the second, third and pourth degrees. — group 

OP AN equation. — resolvents. 

148. The equations of the second degree. 



X CONTENTS. 

149. The equations of the third degree. 

150. The equations of the fourth degree. 

152. The general problem formulated. Galois resolvents. 

153-154. Affect equations. Group of an equation. 

156 . Fundamental theorems on the group of an equation. 

157. Group of the Galois resolvent equation. 
158-159. General resolvents. 

CHAPTER X. 

THE CYCLOTOMIO EQUATIONS. 

161 . Definition and irreducibility. 

162. Solution of cyclic equations. 

163. Investigation of the operations involved. 
164-165. Special resolvents. 

166. Construction of regular polygons by ruler and compass. 

167. The regular pentagon. 

168. The regular heptadecagon. 

169-170. Decomposition of the cyclic polynomial. 

CHAPTER XI. 

THE ABELIAN EQUATIONS. 

171-172. One root of an equation a rational function of another. 

173. Construction of a resolvent. 

174-175. Solution of the simplest Abelian equations. 

176. Employment of special resolvents for the solution. 

177. Second method of solution. 
178-180. Examples. 

181 . Abelian equations. Their solvability. 

182. Their group. 

183. Solution of the Abelian equations; first method. 
184-186. Second method. 

187 . Analytical representation of the groups of primitive Abelian 

equations. 
188-189. Examples. 

CHAPTER XII. 

EQUATIONS WITH BATIONAL RELATIONS BETWEEN THBEE BOOTS. 

190-193. Groups analogous to the Abelian groups. 
194. Equations all the roots of which are rational functions of 

two among them. 

196. Their group in the case n=p. 

197 . The binomial equations. 



i 



CONTENTS. 



xi 



199. Triad equations. 

200^201. Constructions of compound triad equations. 

202. Group of the triad equation for n = l, 

203-205. Group of the triad equation for n = 9 

206. Hessian equation of the ninth degree. 

CHAPTER XIII. 

THE ALGEBRAIC SOLUTION OF EQUATIONS.. 

207-209. Rational domain. Algebraic functions. 

210-211 . Preliminary theorem. 

212-216. Roots of solvable equations. 

217. Impossibility of the solution of general equations of higher 

degrees. 

218. Representation of the roots of a solvable equation. 

219. The equation which is satisfied by any algebraic expression. 
220-221 . Changes of the roots of unity which occur in the expres- 
sions for the roots. 

222-224. Solvable equations of prime degree. 

CHAPTER XIY. 

THE GROUP OF AN ALGEBRAIC EQUATION. 

226. Definition of the group. 

227 . Its transitivity. 

228. Its primitivity. 

229. Galois resolvents of general and special equations. 

230. Composition of the group. 

231 . Resolvents. 

232-234. Reduction of the solution of a compound equation. , 
235. Decomposition of the equation into rational factors. 

236-238. Adjunction of the roots of a second equation. 

CHAPTER XV. 

ALGEBRAICALLY SOLVABLE EQUATIONS. 

239-241 . Criteria for solvability. 

242. Applications. 

243. Abel's theorem on the decomposition of solvable equations. 

244. Equations of degree p^; their group. 

245. Solvable equations of degree p. 

246. Solvable equations of degree p\ 

248-249. Expression of all the roots in terms of a certain number of 

them. 



ERRATA. ^ 



p. 7, footnote, for transformatione read transmntatione. 

p. 15, line 10, read ip^SsJ A. 

p. 16, line 5, read ^^ — <p^ = 2/^2 V^. 

p. 28, line 9, for ^ read ^. 

p. 29, line 12, for W read 0. 

p. 29, line 9, from bottom, for ^ read ^. 

p. 31, line 8, read G — [1, (xixi) (x^x^), (xiX^) (x^^), (xiXt) {x^^y]. 

p. 41, line 7, for p read p^, 
p. 52, line 13, read a^^+ ^^t- 

p. 52, line 5, from bottom, for — read -^. 

da da 

p. 89, line 2, for no^ more read ^m. 

p. 93, line 9, for a group H read a primitive group H. 

p. 94, line 2, for n — g + 2 read n — q + k. 

p. 98, line 19, for ^a^\^c read §a^'6<^c. 

p. 101, line 3, for Q^ read ^V 

p. 103, line 14, read [1, (ziZz)^. 

p. 125, Theobem XI, read: In order that there may be app^valued 

function x ^ prime poiuer )f of which shall have p 

values, etc. 
p. 159, lines 10, 11 from bottom, read: Since (t^ belongs to r^ , at 

least one of the exponents /Jt, v^, . . . , the s of which 

belongs to r^ , must be prime to r^ . 
p. 166, line 4, read tj, ^2^2? ^8^2 » • • • 
p. 174, line 2, for Cj read 2ci . 
p. 210, foot note, for No. XI, etc., read 478-507, edition of Sylow 

and Lie. 
p. 219, line 10, for ^{cos a) read 0i(cos a). 
p. 224, line 2 from bottom, read: which leaves two elements with 

successive indices unchanged. 
p. 248, line 3 from bottom, read ViW = i^a+i(T^«+2, . . .)• 



I 



PART I. 

THEOEY OF SUBSTITUTIONS AND OF THE INTEGRAL 

FUNCTIONS. 



, f 



CHAPTER I. 

SYMMETRIC OR SINGLE - VALUED FUNCTIONS. ALTERNA- 
TING AND TWO-VALUED FUNCTIONS. 

§ 1. In the present investigations we have to deal with n ele- 
ments Xi, 072, .. . ^n> which are to be regarded throughout as entirely 
independent quantities, unless the contrary is expressly stated. It 
is easy to construct integral functions of these elements which are 
unchanged in form when the x^^b are permuted or interchanged in. 
anyway. For example the following functions are of this kind: 

Xi ~\~ X2 ~f~ X^ ~f~ , , , -f- x„ , 
Xi X<f -f— Xi Xq° -J- , . . — |— X2 i^i" ~|~ X2 x^ — j— . . • 

•^-H «^l • • • 1^ «^n *^ n — li 
\Xi X2) (Xi X^) {X2 X2,) . . . {Xn_i X„) J 

etc. 

Such functions are called symmetric f unctions. We confine 
ourselves, unless otherwise noted, to the case of integral functions. 

If the o^a's be put equal to any arbitrary quantities, ai , ag , . . . a„ , 
so that 0?! = ttj, a?2 = a2, ... a?„ = a„, it is clear that the symmetric 
functions of the x^^ will be unchanged not only in form^ but also in 
value by any change in the order of assignment of the values a^ to 
the X\%, Such a reassignment may be denoted by 

X^ = (Xi , X2 = Cl/ , ... X^ "=■ di 

where the a.^, a,Vj, . . . denote the same quantities ai, ag, ... in any 
one of the possible n! orders. 

^ Conversely, it can be shown that every integral function, 
^(a*!, ojg . . . x^'\ of n independent quantities x^^ X2j ... a?„, which 
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is unchanged in value by all the possible permutations of arbitrary 
values of the ir^'s, is also unchanged inform by these permutations. 

Theorem !• Every single-valued integral function of n 
independent elements Xi, ccg, ... x„ is symmetHc in these elements, 

§ 2. The reasoning on which the proof of this theorem is 
based will be of frequent application in the following treatment. 
It seems, therefore, desirable to present it here in full detail. 

(A). • If in the integral function 
(1) /0^)=2 a^x^ 

1 = 

all the coefficients ax are equal to zero, then / {x) vanishes identi- 
cally, i, 6., f{x) is equal to zero for every value of x. Conversely, 
if J{x) vanishes for every value of x, then all the coefficients a^ are 
equal to zero. 

For if f{x) is not identically zero, then there is a value Co such 
that for every real x of which the absolute value \x\i& greater than 
Co , the value of the function f{x) is different from zero. For Co we 
may take the highest of the absolute values of the several roots of 
the equation f{x) = 0. Without assuming the existence of roots 
of algebraic equations, we may also obtain a value of Co as follows:* 

Let ttfc be the numerically greatest of the n coefficients ^o, ai, 



a„_i in (1), and denote 



a« 



by r. We have then 



,» — 2 



at^ — Y X ~p~ Ot^ 2*^ ~| .' . . ~i~ ^ 



a„ 



< 
< 


an 



-1 



+...+1) 



X 



x\ — 1 



< 



(r-1) 



X 



«— 1 



X 



Hence, for any value of x not lying between — r and + r. 



a»-i^ 



n — 1 



+ a„_2a;'-'+ ... -\- a^ 



a. 



< \x 



n 



ttn-l^ 



n — 



a„ X" 



^ + a„_2ic'*-^+ . . . + ttol < 
so that the sign of f{x) is the same as that of a„ x". Consequently, 
we may take Co = ^. 



*L. Kronecker. Crelle lOt, p. 347. 
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SYMMETRIC AND TWO-VALUED FUNCTIONS. 3 

(B). If no two of the integral functions 

(2) /.(4/.(^).---/»(^) 

are identically equal to each other, then there is always a quantity 
Co such that for every x the absolute value of which is greater than 
Co, the values of the functions (2) are different from each other. 

For, if we denote by 1^a^ the value determined for the function 
/a (^) — //3 (^)j as r was determined in (A), we may take for Co the 
greatest of the quantities r^^, 

(C). If in the integral function 

/(O^i, ^2, ... X^ = S a^i A2. . . Am ^/^ ^2^'^ • • • ^m^'" 

all the coefficients a are equal to zero, then the function / vanishes 
identically, i. e., the value of / is equal to zero for every system of 
values of x^^x^^ ... a;„. 

To prov0 the converse proposition we put 

(3) ^.-9, ^2 = fl'^ ^8 = g"^, . . . a^» = S^""' 

x^ x^-^ . . . x,,^ then becomes a power of ^, the exponent of 
which is 

^Al A2 . . . A.« = h + k^ + '^'3'''^ + . . . ^m>*""^ 

From (B), we can find a value for v such that for all greater val- 
ues of V, the various rx, a2 • • • Am are all different from one another. 
We have then 

/ (Xi, (Tg, ... X^ — S aAiA2 . . . Am /^l ^^' • • -^ 

But, from (A), if<al]Jthe'coefficients ado no^v^isappear, we can 

take g so large that / is different from 0. The converse proposition 

is then proved. 

(D). If a product of integral functions 

(4) J\ \^\ ? ^2 > • • • *^n) /a V*^l J •^2 ) • • • *^n) • • • Jm \^\ j ^2> • • • '^n) 

is equal to zero for all systems of values of the a^x's, then one of the 
factors is identically zero. 

For, if we employ again the substitution (3), we can, from (C), 
select such values g^ and i^afor any factor /« (iCi, a^g? • . . ^») which 
does not vanish identically, that for every system of values which 
arises from (3) when g > ga and v>Va the value of fa is different 
from zero. If then we take g greater than ^i , 0^2) • • • fl^m and at the 
same time v greater than Vj , Vg , ... I'm we obtain systems of values 
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of the ir;^'s for which (4) does not vanish, unless one of the factors 
vanishes identically. 

The proof of Theorem I follows now directly from (C). For if 
9{xi, X2, , , , Xn)iB a single- valued function, and if s^i (a?i, cca . . . x„) 
arises from ^ by any rearrangement of the Xxs, then it follows from 
the fact that <p has only one value, that the difference 

V V "^l > «^2 > • • • *^n ) ^1 \Xiy X2y • . . X„ ) 

vanishes identically. 

If the elements X\ are not independent. Theorem I is no longer 

niicessarily true. For instance, if all the x^b are equal, then any 

arbitrary function of the a-^'s is single- valued. Again the function 

Xi^ + dx{^ X2 — 4:Xi X2 + 3 X2 is single- valued if x^ = 2^2, although 

*it is unsymmetric. 

§ 3. If, in any symmetric function, we combine all terms which 
only differ in their coeflficients into a single term, and consider any 
one of these teijms, Ca^i* x/ x^j . . . , then the symmetric character 
of the function requires that it should contain every term which can 
be produced from the one considered by any rearrangement of the 
X\B, If these terms do not exhaust all those present in the func- 
tion there will still be some term, C'x^^ x.f x^' ... in which the sys- 
tem of exponents is not the same as in the preceding case. This 
term then gives rise to a new series pf terms, and so on. Every 
symmeiJric function is therefore reducible to a sum of simpler sym- 
metric functions in each of which all the terms proceed from any 
single one among them by rearrangement of the x^b. The several 
terms of any one of these simple functions are said to be of th e 
same type o r similar. Since these functions are deducible from a 
single termTiFwill suffice to write this one term preceded by an S. 
Thus S (p(?) denotes in the case of two elements x^ + x^^ in the 
case of three x^ -(- x^ + x^, etc. 

§ 4. If we regard the elements x^^ X2j . . , x^ as the roots of an 
equation of the iiP^ degree, this equation, apart from a constant fac- 
tor, has the form 

(5) f{^) — (^ — ^1) (^ — ^2) • • • (^ — ^h) = 

the left member of which expanded becomes 
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(6) ' af — {xi + X2+ ... +x„) x"~^ 

— j— \OCi X2 "T" *^l *^3 "T" '^2 '^S "r • • • ~l *^n — 1 XnjX 
• . • ~T~ \ ^) •^l •^2 • • • *^n'f / /P) 

^= ^ ^1 ^ I ^2^ • • • ~r ( ■*■/ ^n /y ^//^S 

The coeflficients of the powers of x in this equation are there- 
fore simple integral symmetric functions of the irx's: 

(7) Ci = S(iCi), C2 = S (a?i a?2), Ca = S (iri ccg . . . ^^a), 

C^ — O \Xi X2 ... i^'ny — Xy X2 ... U?,, -..._... _ _^/^~\ 

These combinations Ca are called the elementary symmetric 
functions. They are of special importance for the reason that every 
symmetric function of the x^s can be expressed as a rational inte- 
gral function of the Ca's. 

§ 5. Among the many proofs of this proposition we select that 
of Gauss. * 

. We call a term Xi*"^ x^^ x^^ . . . higher than Xi^*-^ x^**-^ x^^^ . . . when 
the first of the differences mj — ."i,m2 — m^m^ — //g, ... which 
does not vanish is positive. This amounts then to assigning an arbi- 
trary standard order of precedence to the elements Xx, 

In accordance with this convention, Ci, Cg, Cg, . . . Ca, . . . have 
for then: highest terms respectively 

/y* ^y* ^v* /y* rg* /y* ^y* ^y* 'y /y»» 

tt/j , tA^j tt/2 ) **'! •^2 *^Z V • • • *^\ «^2 "^S • • • "^A J ... 

and the function Cj* c^^ c^y , . , has for its highest term 

In order, therefore, that the highest terms of the two expressions, 
Ci* Cg^ CgY . . . and Cj*' Cg^' c^y^ . . . may be equal, we must have 

ft + r+ ... = /5'+r'+ ... 
r + . . . = / + . . . 



that is, a = a', 1^ = i3\ y = /^,,: 

It follows that two different systems of exponents in Ci* Ci^ Cg^'. . . 
give two different highest terms in the x^b . Again it is clear that 

xi°-x/x^y ,,. (a>^>r>d.,.) 

is the highest term of the expression Ci*~^C2^~ ^'Cg'*'"^. . . and that 

* Demonstratio nova altera etc. Gesammelte Werke III, § 5, pp. 37-38. Cf. Kron- 
ecker, Monatsberichte der Berliner Akademie, 1889, p. 943 seq. 
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all the terms in the expansion of this expression in terms of the x^a 
are of the same degree. 

§ 6. If now a symmetric function S be given of which the 
highest term is 

Ax^^'x/x^yxJ^ .,. ( « — /5 :^ r = <^ . . .) 

the difference 

S— A c,^-^ c/-y c,y-^ ,,. =S, 

will again be a symmetric function; and if, in the subtrahend on the 
left, the values of the c^'s given in (7) be substituted, the highest 
term of S will be removed, and accordingly a reduction will have 
been effected. 

If the highest term of Si is now Ai x^' x^' x^* x^' . . . , then 

Si — A,c,-'-^'cf-y'c^y'-^' ... = S, 

is again a symmetric function with a still lower highest term. The 
degrees of S2 and Si are clearly not greater than that of S, and since 
there is only a finite number of expressions Xi^ x.f x^ , . , oi^ given 
degree which are lower than x^ x^ x^ . . . , we shall finally arrive by 
repetition of the same process at the syjnmetric function 0; that is 

S^ - A, c,«(*) - ^"^ cf^- v^*> . . . = ; 
and accordingly we have 

S^Ai ci^'^c^-y . . . + A^Gi^'-^' cf-y' ... + ... 

§ 7. It is also readily shown that the expression of a symmetric 
function of the x^a as a rational function of the c^'s can be effected 
in only one way. 

For, if an integral symmetric function of Xi^x^^ ... x^ could 
be i;educed to two essentially different functions of Cj, Ca, ... c„, 
9^ (<5i> ^2) • • • <5«) and ^ (Ci, C2,. . . c„), then we should have, for all 
values of the o^a's, the equation 

9 (Ci, C2, . . i c„) = il> (Ci , C2 , ... c„) 

The difference (p — ^, which, as function of the c^'s, is not 
identically zero, since otherwise the two functions ip and ^ would 
coincide, must, as function of the cca's, be identically zero. 

Suppose, now, that in ^ — ^ those terms in Cj , C2 , . . . c„ which 
cancel each other are removed, and let any remaining term be 
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B Ci* Cg^ Cg*^ . . . This term on being expressed in terms of the cc^'s 
will give as highest term 

Now the different remaining terms B' Ci*' Cg^' c^' . . . give different 
highest terms in the oja's (§5). Consequently among these highest 
terms there mnst be one higher than the others. But the coefficient 
of this term is not zero; and consequently (§2 (C)) the function 
(f — (p cannot be identically zero. We have therefore 

Theorem II. An integral symmetric functimi of x^^ ccg , .. . aJn 
can always he expressed in one and only one way as an integral 
function of the elementally symmetric functions Cj, C2, ... c„. 

§ 8. If we write Sa = S (xi^) for the sum of the X powers of 
the n elements Xi, X2, . , . x„, we might attempt to calculate the S\& 
as functions of the ct's by the above method. It is however simpler 
to obtain this result by the aid of two recursion formulas first given 
by Newton * and known under his name. These formulas are 

A) Sr — C^ «^_i + C2 S,.-2— . . . + (—1 )" C««r_« = ( ^ > ^ ) 

B) s,. — CiS,._i+C2«,._2 — . ..+( — l)'*rc,.= (r^w) 

These two formulas can be proved in a variety of ways. The 
formula A) is obtained by multiplying the right member of (6) 
by x'^~^, replacing xhj Xj^, and taking the sum over A = 1, 2, . . .n . 

The formula B ) may be verified with equal ease as follows. If 
we represent the elementary symmetric functions of X2, x^, , , , x^ 
by c/, C.2, . . . c'„_i, we have 

Cj =^ Xi -\- Ci J C2 ^^^ Xi Cj — j~ C2 J Cq = Xj C2 "T~ C3 J ... 

and accordingly, if r ^n, we have 

icj — — (jj yjj — |— C2 X-^ r ... V -*•/ Cy 
=■ Xi {^Xi "T" Cj ■) a?i -f- ( xJCi ~]r^2 J '^1 • • • A 

+ (-1/ (a-.cV_, + c/) = ('-1)V ' 

and hence, replacing Xi successively by a?2, a?3, . . . a?„, and, corres- 
pondingly, c,/ by c/', c/", . . ..c/**), and taking the sum of the n 
resulting equations 

8y "~~" Cj 8y 1 "l" C2 Sf. 2 '~~~' • • • I J- / Cy /t' 

* Newton : Arith. Univ., De TranslonBatioDe Aequationum. 
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The right member is symmetric in o^i , X2,, . . x„, and contains all 
the terms of c,. and no others. Moreover, the term Xi X2 , , . x^, and 
consequently every term, occurs n — r times. Accordingly we have 

Sr Ci5^_i +C28r-2 . . . + ( l)**C^n = ( 1)** {ft r)Cr, 

' » » 8f. OiSf. I ~f~ C2 8y 2 — • • . \ 1- ) CyV ^^ Uj 

and formula B) is proved. * The formula A) can obviously be veri- 
fied in the same way. 

§ 9. The solution of the equations A) and B') for the successive 
values of the 8\B gives the expressions for these quantities in terms 
of the Ca's. The solution is readily accomplished by the aid of 
determinants. We add here a few of the results.f 
C) 80 = n 
Si = c, 

82 ^^ Cj ZC2 

®3 = ^1' 3CiC2 + SCg 

Si = Ci* — 4ci% + 4C1C3 + 2c2^ — 4:Ci 

85 = Ci^ — 5c/c2 + 5ci% + 5ciC2^ — 5ciC^ — Sc^Cg -(- Scg 

It is to be observed here that all the c^'s of which the indices are 
greater than n are to be taken equal to 0. This is obvious if we add 
to the n elements iTj, cca, ... x^ any number of others with the 
value 0; for the c^'s up to c„ will not be affected by this addition, 
while c„+i , c„+25 . . . will be 0. 

§ 10. The observation of § 5 that Ci* Cg^ CgV . . . gives for its highest 
term a;i" "*" ^ + '>' + ••• a?2^ + ^ + •• 073^ + ;-; can be employed to facili- 
tate the calculation of a symmetric function in terms of the c^'s. 

We may suppose that the several terms of the given function 
are of the same type, that is that they arise from a single term 
among them by interchanges of the x^Ja . The function is then 
homogeneous; suppose it to be of degree k We can then obtain 
its literal part at once. 

For, if the function contains one element, and consequently all 
elements, in the m^^ and no higher power, then every term of the 
corresponding expression in the Cx's will be of degree m at the high- 
est. For, in the first place, two different terms Ci<* Cg^ CgV . . . and 

*Another, purely arithmetical, proof Is given by Euler; Opuscula Varii Argumenti. 
Demonstrat. genuina theor. Newtoniani, II, p. 108. 
+ C/. Fa^ dy Bruno: Formes Binaires. 

4 
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<Ji*' G^' CgY' . . . give different highest terms in the oja's , so that two 
such terms cannot cancel each other; and, in the second place, 
<^\' ^i <^z^ ... gives a power i»A* "^ ^ "^ "^ ■*"••, so that 

^■\' ^ + r -\- ... =m. 
Again the degree of iri* + ^ + v + ... ajg ^"^ "^ + • • icg y + •. •. . is 

a + 2i9 + 3r+...=v 

and since the given expresssion" is homogeneous, the sum 

«+2/5 + 3^+ ... must be equal to v for every term Cj* c^^ c^y . . . 

These two limitations imposed on the exponents of the c^'s that 

« + /5 + r + . . . i: w, a + 2i5 + 3r... =^ 

exclude a large number of possible terms. The coefficients of those 
that remain are then calculated from numerical examples. The 
quantity a + 2/? + 3^+... is called the weight o f the term 
«i" Ca^ CgY . . . and a function of the c^'s whose several terms are all of 
the same weight is called isobaric. For example 
SXoCi^ X2^ x^^ x^) = QqCt + QiCq c^ + q^ c^ c^ + q^ c^c^ (m= 2,v = 7) 

S [(aJi — a72)^(i*^2 — a^3)'(«^3 — a?i)T— goCe + giCgC, +^2^462 
+ gaC^Ci' + q^e^^ + q^c^c^c^ + q^c^c^^ + q-iC^ + q^c.^c^ 

(m = 4, V = 6) 

where the g's are as yet undetermined numerical coefficients. 

In the second example we will calculate the ^'s for the case n=3, 
for which therefore C4 = Cg =65 = 0. It is obvious that for different 
^ values of n the coefficient gSs will be different. Taking \ 0\ 

I. ccj = 1, 0^2 = — 1, cTg = 0, we have Ci = 0, 03 = — 1, Cg = 
.-. S = 4 = — g^; g, = — 4 

JLJ.. »*/j — X^ "—- -I. J X^ — U, Cj "^^ di^ C2 -— J-, Cg ^^^ V/ 

. • . S = = — 4 + 4^85 ^8 = 1. 

III. a?i = a?2 = 1, a?3 = — 1, Cj = 0, Cg = — 3, Cg = — 2 

.-. S =0 = 4^4 +4: -27; ^4 = — 27. 

IV. iTi = iTg = 2, 0:3 = — 1, Cj = 3, C2 = 0, Cg = — 4 

.-. S = = — 2716— 4-27ge; ^6 = — 4 

Y. X-^ — X2 —— Xq ^^ J., Oj ^ t>, C2 ^^ O, Cg ^^ JL 

,-, S = = — 27 + 935 — 135; g, =18. 

+ 18 Cg C2 Ci — 4cg Ci^ — 4c2^ + Ca^ Cjl 
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This expression, {x^ — 0*2)^ ( ^2 — ^3 )^ ( ^3 — ^1)^ = -^j is called 
the discri minan t of the quantities Xi, Xi, x^. The characteristic 
property of this discriminant i s that it is symmetric and that its 
vanishing is the snfficient and necessary condition that at least twa 
of the X\8 arejB<q[uaL__ 

11. In general, we give the name " discriminant of n quanti- 
t ies Xi, X2, ... Xn ^ to th e symmetric function of the X\8 the van- 
ishing of which is tha q\iffi cient and necessary condition for the^ 
equality of a t least two of the Xx^s^ If a symmetric function S of 
the X)J& is to vanish for x^ = X2, it must be divisible by Xi — X2, 
and consequently by every difference Xa — x^. Suppose 

S = {Xi — X2) Si. 

Now S, and consequently (xj — X2) S^ , is unchanged if Xi and 
X2 be interchanged. But this changes the sign of x^ — Xg and there^ 
fore of Si . Consequently Si vanishes if a?i = 0:2 , and accordingly 
^1 contains Xi — a^s as a factor. 

The symmetric function S is therefore divisible by (a?i — XiY 
and consequently by every {Xa — ^pY'^ that is it is divisible by 

J = I I (ccx — Xfj^y (A </jt; A = 1, 2, . . . n — 1; At = 2, 3, . . . n} 

Y 

= {^Xi X2) \Xi X^J yXi X^J . . , i^Xi X„) 

[p) {X2 X^J {^X2 Xi) . . . {^X2 Xft) 

\X^ Xi) . . . \X^ *^n) 



This quantity J already satisfies the condition as to the equality 
of the a^x's, and, being the simplest function with this property, is 
itself the discriminant. It contains in{n — 1) factors of the form- 
(x\ — oc^y-, its degree is n (n — 1), and the highest power to which 
any X\ occurs is the (n — 1)^^. It is the squ are of an integral ^ 
hir^ afl Yf^ ff h ftH p rftsft ntly show, unsymmetric function, w ith which, 
we shall hereafter frequently have to deal. 

§ 12. Finally we will consider another symmetric function ia 
which the discriminant occurs as a factor. 

Let the equation of which the roots are x^ X2, . . , x„ be, as. 
before, f(x) = 0. Then if we write 
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we have, for all values .i = 1, 2, . . . n , the equation ^ 

/'(^a) = (x\ — x^ (xx — a?2) . . . (a^A — a^A-i) (fl?A — a^A + i) . . . (xa — x„). 
We attempt now to express the integral symmetric function 

in terms of the coeflficients Cj, Cg, . . . c^ of / (a?)/ Every one of the '/(T\ 
?z terms of S is divisible by x-^ — x^^ since either /'(a?i) oxf'{x^ 
occurs in every term. Consequently, by the same reasoning as in 
§ 11, S is divisible by {x^ — x.^^^ and therefore being a symmetric 
function, by every {xa, — x^^^ that is by 

^ = 1 1 (^A — x^^. {l< fj^] A = 1, 2, ... w — 1 ; At = 2, 3, . . . ny 

S is therefore divisible h j the discriminant off{x), L e., by the dis- 
criminant of the n roots. of f (x). 

Now f {x\) is of degree of n — 1 in Xa and of degree 1 in every 
other 07^; and therefore 

^i" • /'(^2) • /'(^a) • • • f'{x„) is of degree a -\- n — 1 in x^ 
^2^ • /'(^i) • /'(^a) • • • f'i^n) is of degree 2n — ^ in x^. 

Consequently, if a <c n — 1, /Sf is of degree 2n — 3 in ajj , while 
J is of degree 2 n — 2 in o^i. But since ^ is a divisor of S, it fol- 
lows that S is in this case identically 0. 

(9) S lx,-.r{x,).f{x,)..,f{x,)^ = 0, {a<n — 1.) 

Again, if a = n — 1, then S and J can only differ by a constant 
factor. To determine this factor we note that the first term of S is 
of degree 2 n — 2 in a?i , while all the other terms are of lower 
degree in x^. The coefficient of x^*"'^ is therefore 

\ J- j \X'^ X^J , , . ^^^2 Xn) \X^ X2) . • . \X^ Xn) . . . 

n(n-l) 

\Xn X2) • • *\Xn a?„'_ij = ( 1) 2 \X2 X^) \X2 X^) ..< 

\Xn — \ Xn) . 

In A the coefficient of x^'*~'^ is 

^ X2 X^ J ^ X^ X^ ) * , * \ a?,, — 1 Xn ) . 

n(n—l) 

The desired numerical factor is therefore ( — 1) 2 and we 
have 
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n(n-l) 

(10) six,--\r{x,).r{x,)...r{x„)^ = {—i)-2— A, 

Formulas (9) and (10) evidently still hold if we replace Xj°- or 

Xi**~^ hj any integral function ^ (x) of degree a ^n respectively. 
Moreover since 

(._1)'^J =f{x,);r{x,)...f\x„) 

we have 

A=l 

according as the degree of ^ is less than or equal to n — 1. 

§ 13. If an integral function of the elements a^i , ccg , . . . ir„ is 
not symmetric, it will be changed in form, and consequently, if 
therajx's are entirely independent, also in value, by some of the possi- 
ble interchanges of the X\b, The process of effecting such an inter- 
change we shall call a substitution. Any order of arrangement of 
the o^a's we call a permutation. The substitutions are therefore 
operations', the permutations the result. Any substitution whatever 
leaves a symmetric function unchanged in form ; but there ^re other 
functions the form of which can be changed by substitutions. For 
example, the functions 

JL tX/j X2 ~| X^ X^ , *t?j X2 X^ "Y' X^ *t/g ~|~ Xq , Xi ~j~ X2 I X^ 

take new values if certain substitutions be applied to them; thus if 
Xi and X2 be interchanged, these functions become 

JLJ. Xi -f- X2 "Y" X^ X^ , Xi X2 Xq -|— XJXr^ -p CCg , X2 ~v Xi -j- X^ . 

The first two functions are unchanged if x^ and a^ be inter- 
changed, the second also if x^ and x^ be interchanged, etc. 

Functions are designated as one-^ two-, three- ??i--valu ed 
according to the number of different values they take under the 
operation of all the n\ possible substitutions. The existence of one- 
valued functions was apparent at the outset. We enquire now as 
to the possibility of the existence of two-valued function s. 

In § 11 we have met with the symmetric function J, the dis- 
criminant of the n quantities x^, X2, ... x„. The square root of A 
is also a rational integral function of these n quantities : 

♦The formula D is due to Euler; Calc. Int. II § 1169. 
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^^ ^ — ( tX/ J OC2 ) \ OCi •A/3 ) i a?j Ou^ ) • • • ( tX/j OCfi I 

^^ «*?2 **'3 ) \ ^2 "^i / • • • V, **'2 *^»t / 



Every difference of two elements Xa — oc^ occurs once and only 
once on the right side of this equation. Accordingly if we inter- 
change the X\s in any way, every such difference still occurs once and 
only once, and the only possible change is that in one or more cases 
an Xa — xp may become x^ — x^. The result of any substitution 
is therefore either -}- V^ or — \/ ^,i. e., the function V^ is either 
one- valued or two- valued. But if, in particular, we interchange a?, 
and X2 , the first factor of the first row above changes its sign, while 
the other factors of the first row are converted into the correspond- 
ing factors of the second row, and vice versa. No change occurs in 
the other rows, since these do not contain either x^ or X2 . Since 
then, for this substitution, >/ ^ becomes — V ^ > it appears that we 
have in \/ J a two-valued function. 

This function is specially chara cterized by the fact th fit its two 
values only differ in algebraic sign. Such two- valued functions we 
shall call alte rnating func tions. 

Theorem III. The square rqot of the discriminant of the n 
quantities Xi, X2, . . . Xn is an alternating function of these quanti- 
ties. 

§ 14. Before we can determine all the alternating functions,^ a 
short digression will be necessary. 

An interchange of two elements we sh all call a transposition. 
The transposition of Xa and xp , we will denote by the symbol 
{Xa x^). We shall now prove the following 

Theorem IV. Every substitution can be replaced by a 
series of transpositions. 

Thus, if we have to transform the order x^, X2, x^, , , . x„ into 
the order xi^, xi^, X(^, ... xi^, we apply first the transposition 
{xi Xi^), The order of the X\s then becomes xi^, X2y x^, , , , xt^ — i 
^1 > ^I'l + 1 > • • • ^n ) atid we have now only to convert the order 
X2 , , , xi^-i, a?!, Xi^ + i, , , , x„ into the order Xi^, 0^, . . . Xi^. By 
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repeating the same process as before, this can be gradually effected, 
and the theorem is proved. 

Since a symmetric function is unaltered by any substitution, we 
obtain as a direct result 

Theorem V. A function which is unchanged by every 
transposition is symmetric, 

§ 15. There is therefore at least one transposition which 
<5hange8 the value of any alternating function into the opposite 
value. We will denote this transposition by {Xa Xp) , and the alter- 
nating function by 0, and accordingly we have 

V \**' 1 » •*■ 2 J • • • *^o. J • • • Xp , . . • X„J — (f' yX^ , Ct'2 , . • . X^j ... Xfi^ ... Xfij 

Accordingly, if Xa =^ x^, we must have </> = 0. Consequently the 
equation 

y' ( Xi , X2 , • • . Z, ... Xr , . . . Xjf] — \J 

regarded as an equation in z has a root z = xp and the polynomial 
</' is therefore divisible by 2: — Xp. The function 

V \ X^ J X2 , • • . «*'(x * . • Xp ... Xf^ J 

therefore contains Xa — ac/3 as a factor, and, consequently, (/'^ con- 
tains {xa — xpy as a factor. 

But since, for all substitutions, (f> either remains unchanged or 
only changes its sign, 4'^ must be a symmetric function; and, 
accordingly, since 4''^ contains the factor (xa — XpYy it must con- 
tain all factors of the form (xx — cr^)^, i, e,, 4> ^ contains ^ as a 
factor, and consequently 4' contains ^ J ss bl factor. The remain- 
ing factor of </' is determined by aid of the following 

Theorem VI. Every alternating integral function is of the 
form S, \/ J , where \/ J is the square root of the discriminant and 
JS is an integral symmetric function. 

That S, \^ J is an alternating function is obvious. Conversely, 
if 4' is an alternating function, it is, as we have just seen, divisible 

by V^- I^©t (V*j)*" he the highest power of V-^ which occurs 
as a factor in (/'. Then the quotient 

^ 

is either a one- or a two-valued function, since every substitution 
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-either leaves both numerator and denominator unchanged or changes 
the sign of one or both of them. But this quotient cannot be two- 
valued, for then it would be again divisible by V ^ > which is con- 
trary to hypothesis. It must therefore be symmetric, and we have 
accordingly 

Now if m were an even number, the right member of this equa- 
tion, and consequently the left, would be symmetric. We must 
therefore have m = 2n + 1. And if we write >Si . ^" = S^ we have 

Corollary. From the form of an alternating function it 
follows that such a function remains unchanged or is changed in 
sign simultaneously with s/ A for all substitutions. 

§ 16. Having now shown how to form all the alternating func- 
tions, we proceed to the examination of the two-valued fu nctions in 
general. 

Let ^(ir, , 0^2, . . . a?„) be any two- valued function, and let the 
two values of <p be denoted by 

These two functions must differ in form as well as in value, and 
since the X\S are any arbitrary quantities, if we apply to ^i and f 2 
any substitution whatever, the resulting values 

(«) <Pi (a?ii, xu, .,. Xi^ and (P2{xi^, a^fg, . . . Xi^) 

will also be different. But whatever substitutions are applied to <p 
the result is always <pi or <p2 . Consequently, of the two expressions 
(a), one must be identical with ^i and the other with <p2 . In other 

words: 

« 

Those substitutions which leave the one value of a two-valued 
function ^ unchanged, leave the other value unchanged also ; those 
substitutions which convert the one value of <p into the other, also 
convert the second value into the first, 

§ 17. From the preceding section it follows at once that ^1 + fa 
is a symmetric function 
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Again the difference <pi — s^2 is a two-yalued function of which 
the second value is (p2 — s^i = — {<Pi — V2)' This difference is 
therefore an alternating function, and accordingly, from Theorem 
VI, we may write ^ m 

ir) \—si= 2s,Va. 

From (/5) and {}') we obtain 

^1 = Si + ^2 V^ , ^2 = aS^I ^2 V^ , <P = Si ± S2 S/ ^ . 

Conversely, it is plain that every function of the last fprm is 
two-valued. 

Theorem VII. Every two-valued integral function is of 
the form <fi = Si ± S2 >/ ^, where Si and S2 are integral symmetric 
functions and V J is the sqitare root of the discriminant. Con- 
versely every function of this form is two-valued. 

Corollary. Every tivO'Valued integral function is unchanged 
or changed simultaneously unth sj Ahy every substitution, 

§ 18. From the corollaries of the last two theorems we recog- 
nize the importance of determining those substitutions which leave 
the value of V ^ unchanged. 

We know (§ 13) that the transposition {xiXi) changes the sign 
of V J. In the arrangement of the factors of V ^ iii the same 
Section, we might equally well have placed all the factors containing 
Xa or 0*18 in the first and second rows, Xa — Xp taking the place of 
Xi — X2, etc. The sign of V -^ niay be changed by this rearrange- 
ment, but whatever this sign may be, it will be changed by the 
transposition (XaXp). Consequently \/ J changes its sign for every 
transposition. 

This result is easily extended. For, if we apply successively 
any /x transpositions to V ^j its sign will be changed /j. times, that is 
sf A becomes ( — I)'* sj A, If 11 is even, V^ is unchanged; if ix is 
odd, V^ becomes — V^« We have therefore 

Theorem VIII. All substitutions which are formed from 
an odd number of transpositions change the value sj A into — sf A; 
all substitutions which are formed from an even number of transpo- 
sitions leave Ai/ A unchanged. Similar results hold for all two-val- 
ued functions. 
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§ 19. Every substitution can be reduced to a series of transpo- 
sitions, in a great variety of ways, as is readily seen, and as will be 
shown in detail in the following Chapter. But from the preceding 
theorem it follows that the number of transpositions into which a 
substitution is resolvable is always even, or always odd, according as 
the -substitution leaves sjA unchanged or changes its sign. 

Theorem IX. If a given substitution reduces in one tvay to 
an even {odd) number of transpositions, it reduces in every way to 
an even (odd) number of transpositions, 

§ 20. Theorem X, Every two-valued function is the root 
of an equation of the second degree of which the coefficients are 
rational symmetric functions of the elements Xi, X2, ... x„. 

From the equations of § 17, 

 

(p, = Si + S2 V^, 92 = s^ — S2 V^, 

we have for the elementary symmetric functions of ^1 and ^^^ 

Vi + ^2 = 2 /Si, 

<Pi92 = S;'—2iS,\ 

We recognize at once that ^i and ^2 are the roots of the equa- 
tion 

<p' — 2S,<p + {S;' — AS,') = 0. 

It is however to be observed here that it is not conversely true 

I that every quadratic equation with symmetric functions of the X\8 

I as coefficients has two-valued functions, in the present sense, as 

I roots. It is further necessary that the roots should be rational in 

I the elements Xx, and this is not in general the case. 



CHAPTER 11. 



MULTIPLE-VALUED FUNCTIONS AND GKOUPS OF 

SUBSTITUTIONS. 

§ 21. The preliminary explanations of the preceding Chapter 
enable us to indicate now the course of our further investiga- 
tions, at least in their general outline. Exactly as we have treated 
one-valued and two-valued functions and have determined those 
substitutions which leave the latter class of functions unchanged, so 
we shall have further, either to establish the existence of functions 
having any prescribed number of values, or to demonstrate their 
impossibility; to study the algebraic form of these functions; to 
determine the complex of substitutions which leave a given multiple- 
valued function unchanged; and to ascertain the relations of the 
various values of these functions to one another. Further, we shall 
attempt to classify the multiple- valued functions; to exhibit them 
possibly, like the two-valued functions, as roots of equations with 
symmetric functions of the elements as coefficients; to discover the 
relations between functions which are unchanged by the same sub- 
stitutions; and so on. 

§ 22. At the outset it is necessary to devise a concise notation 
for the expression of substitutions. 

Consider a rational integral function of the n independent quan- 
tities a?!, 0^2, ... i»», which we will denote by ^ (a?i , a?2 , ... x„). If 
in this expression we interchange the position of the elements Xf^ in 
such a way that for a?i, a?2, ... x^we put a;,j, x^^, . . . Xi^ respectively, 
where the system of numbers *i, ^j • • • *„ denotes any arbitrary per- 
mutation of the numbers 1, 2, ... n, we obtain from the original 
function ^ (a?!, a?2, — x„) the new expression ^ (a;,^, a?^^, ... Xi^), 

We consider now the manner of representing by symbols such a 
transition from ajj, 072, ... a;„ to a;,^, a;^, ... a?,-^ ; to this transition 
we have already given the name of substitution... 
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A, In the first place we may represent this substitution by the 
symbol 

/ OCi } OC2 ) ^8 > • • • *^n I 
yj^il J '^i-z > •^«3 > • * • *^»n -^ ' 

which shall indicate that every element of the upper line is to be 
replaced by the element of the lower line immediately below it. In , 
this mode of writing a substitution we may obviously, without loss, 
omit all those elements which are uot affected by the substitution, 
that is all those for which x^ = Xij^ . In the latter case the entire 
number of elements is not known from the symbol, but must be 
otherwise given, as is also true in the case of <p itself, since, for 
example, it is not in any way apparent from the form of 

whether other elements x^, Xq, ... may not also be under consider- 
ation, as. well as those which appear in ^. 

B. Secondly, we may make use of the result of the preceding 
Chapter, that every substitution can be resolved into a series of 
transpositions. If we denote sach a tr ansposition, i, e., the in ter- 
change of two elements , by enclosing both in a parenthesis, every 
substitution may be written as a series 

This reduction can be accomplished in an endless variety of 
ways. For, as is shown in § 14 of the preceding Chapter, we can 
first bring any arbitrary element to its proper place, and then pro- 
ceed with the remaining n — 1 elements in the same way. Indeed 
we may introduce any arbitrary transposition into the series and can- 
cel its effect by one or more later transpositions, which need not 
immediately follow it or each other. 

C Thirdly, we may also write every substitution in tfie form 

He re each parenthesis indicates that every elem ent conta ined 
injt-jag cept the last is to be replaced by the next succeeding^ the last 
el ement being replaced by the fir st. The parentheses are called 
cycles, the elements contained in each of them being regarded as 
forming a closed system, as if they were, for example, arranged in 
order of succession on the circumference of a circle. 
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If we wish to pass from the notation A to the present one, the 
resulting cycles would read 

\pCi Xi^ Xf. ' . ' ) \X„Xi^ Xi. ... ) 

Here too it is clear that those elements which are unaffected by 
the substitution, every one of which therefore forms a cycle by 
itself, may be omitted in the symbol. In the notation A these ele- 
ments are the same as those immediately below them. 

A fourth system of notation which is indispensable in many 
important special cases will be discussed later. 

§ 23. It is obvious that each of the three notations. A, B, and C, 
contains some arbitrary features. In A the order of arrangement 
of the elements in the first line is entirely arbitrary; in B the 
reduction to transpositions is possible in a great number of ways ; in 
C the order of succession of the cycles, and again the first element 
of each cycle, may be taken arbitrarily. 

The first of the three notations, in spite of its apparent sim- 
plicity lacks in clearness of presentation; the second is defective, in 
that the same element may occur any number of times, so that the 
important question, " by which element is a given element replaced,'* 
cannot be decided at first glance, and the equality of th6 two sub- 
stitutions is not immediately clear from their symbols. We shall, 
therefore, in the following investigations, employ almost exclusively 
the representation of substitutions by cycles. 

The following example, for the case n = 7, will serve as an illus- 
tration of the different notations. 

It is required that the order Xj, X2y x^^ Xi, Xr^, Xq, x^ shall be 
replaced by the order x^, Xt, x^y a?4, x^, x^, x^. 
The first method gives us 



(X\ x^ x^ X^ X^ X^ Xf \ ^__ i Xi X2 X^ Xt^ Xj I 
X^ Xi X^ X^ Xi Xq •^2-/ v'^a "^T *^& *^i *^2y • 



J 



By the second we have variously 



/ 



(x^x^ (x^x^ (x.^:) = {x^x^ (x^x^ (x^x^ (x^x^) (x^x^ ^ 
^(x^^ (x^x^ (x^x^ (0^X7) (ajjXe) {x<^:) (x^pc^ {x<pc^ {p^v^^ ^ 



Since the given substitution resolves into 3, 5, 9, ... , transposi- 
tions, always an odd number, we have here an example of the prin- 



CORRELATION OF FUNCTIONS AND GROUPS. * 21 

ciple of Chapter I, § 19, and it appears that this substitution 
changes the sign of sj ^, 
The third method gives us 

— ypCipCn) ypCffCyjc^) — ..... 

^ § 24. We determine -HOTTthe number of all the possible substi- 

^w^>t«<W«.»^tutionaby finding the entire number of possible permutations. 

Two elements x^^ a?2, can form two different permutations, x^x^ 
and a?2^i • If a third element x^ be added to these two, it can be 
placed, 1) at the beginning of the permutations already present 
^3^i^2) x^2^\^ or 2) in the middle: x^x^^x.^^^ x-iX-^Xi, or 3) at the 
end: a^iiTg^oj ^2^1 ^3- There are therefore 2-3 = 3! permutations 
of three elements. If a fourth element be added, it can occur in 
the first, second, third or fourth place of the 3! permutations already- 
obtained, so that from every one of these proceed 4 new permuta- 
tions. There are therefore in this c^-se 2 • 3 • 4 = 4! permutations, 
and again, for 5 elements, 5!, in general, for n elements, n\ permu- 
tations. 

If now, in the notation A, we take for the upper line the natural 
order of the elements, x^, X2, x^., ... x„, and for the lower line suc- 
cessively all the n! possible permutations, we obtain all the possible 
distinct substitutions of the n elements. 

It is to be noticed that among these there is contained that sub- 
stition for which the upper and lower lines are identical. This 
substitution does not affect any element; it is denoted by 1, and 
regarded as unity or as the identical substitution. 

Theorem I, For n elements there are n! possible substitu- 

ft 

tions. 

To obtain the same result from the notation B more elaborate 
investigations would be necessary for which this is not the place; in 
case of the notation C it is easy to establish the number n\ by the 
aid of induction. 

We arrive in the latter case at a series of interesting relations, 
of which at least one may be noted here. If a substitution in the 
expression for which all the elements occur contains 

a cycles of « elements, b cycles of /^ elements, 



\ 



?•' 



/' 
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where a a + 6 /?+...= w, N) 

we can obtain from this by rearrangement of the order of the cycles 
and by cyclical permutation of the elements of each single cycle 

a\ a^'blfi^ ... 

expressions for the same substitution. Consequently there are 



a\ a" 6! /S* . . . 

distinct substitutions which contain a cycles of a elements, h cycles 
of i? elements, and so on. The summation of these numbers with 
respect to all possible modes, N), of distributing the number n gives 
us all the possible n\ substitutions. Hence 

1 







=1.* 



ala^'bl if 

§ 25. If now we apply all the n\ substitutions to the function 
^ (^1) ^2> • • • ^n), i' e., if we perform these substitutions, which 
may be denoted by 

^1 -— -*-j ^2 , S3 , . . . Sa, ... Sft]j 

among the a?i, a?2, ... x^ in the expression <p, we obtain n\ expres- 
sions, including that produced by the substitution Si = 1. These 
expressions we may denote by 

or simply, where no confusion is likely to occur, by 

91, 9l, ^3J . . . ^a, . . . ^. 

These values are not necessarily all different from one another. 
Some of them may coincide with the original value ^{xi^x^^ ... a:„). 
We direct our attention at first to the complex of those substitu- 
tions which do not change the value of if. If <p is symmetric 
this complex will comprise all the n\ substitutions; if fp i^ a two- 

valued function, the complex will contain all substitutions which/^ 

are composed of an even number of transpositions, and only these/* t^^lM*^ 

Again, for example, consider the case of four elements x^, ojg, x^, Xi^ f 
and suppose 

^ \Xi , X^ , X^ , X^j ~~' p^ '^2 I *^3 x^ . ' 

* Cauchy: Exercices d'analyse, III, 173. 



CORRELATION, OF FUNCTIONS AND GROUPS. 23 

This function is unchanged by 8 of the possible 24 substitutions, 
namely by 

By the remaining 4! — 8 = 16 substitutions ^ is changed, ^nd, in 
fact, is conyerted into either 

iCj x^ "y' X2 x^ or Xi x^ "y" X2 x^m 

We note then, in passing, that we have found here a three-valued. 
function o f four elements whic h is unchanged by 8 of th6 24 possi- 
ble substitutions of the latter. 



§ 26. Those substitutions which leave a function ^{x^,X2,. . .x„) 
unchanged, the number of which we shall always denote by r, we 
shall indicate by 

81 = 1 is of course contained among them. Following the notation 
of the preceding Section we have then 

By supposition there is no substitution s' different from 
Si>«2j^3j • • • ^r> which leaves the value of ^ unchanged; i, e., we 
have always 

<Ps'=^9j if 8'=f «a (A = 1, 2, 3, ...r). 

If now we apply two substitutions Sa, 8^ of our series Si, Sg, . . . 8^ 
successively to ^, and denote the result, as above in the case of a 
single substitution by ^«„ 5^3 , then since <ps^ = ^, the result of the 
two operations will be 

and from this we conclude that SgS p also occurs in the above serie s 
G), Every substitution therefore which is produced by the succes- 
sive application of two substitutions of G) occurs itself in 6r). 
What is true of two substitutions of the series is further clearly 
true for any number whatever. 

The substitution which results from the successive application of 
two or more substitutions we call their product^ and we write the 
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substitution <t which produces the same effect on the order of the 
elements x^, X2, ... x„ as the successive application of Sa and 8p, 
as the product <t = Sa s^. 

The product of any number of. the operations s occurs again in 
the series G) Si, S2, s^^, . , . s,. . The succession of the operations in 
a product tr = SaSpSy ... is to be reckoned from left to right. 

§ 27. The expression of such a prod uot jin the cycle notatio n 
which we have adopted is obtained as follows: 
If the two factors of a product are 

Sa — \Xa Xa^ Xa2 • • • / V*^* •^Ai Xji^ ... j ... , 

Sp — - \Xb Xf^ Xjf^ - ' • ) \p^k Xjc^ Xj^ ... J ... J 

then in Sa Sp that element will follow x^ by which Sp replaces x^^. 
Suppose, for instance, that this element is x^^ . Again in Sa sp that 
element will follow Xj,^ by which sp replaces x^^^ . Let this be for 
example, Xj,^ , etc. We obtain 

^a^/S — - \Xa Xji^ Xje^ ' ' ' ) 

If the substitution Sa be such that it replaces every index g of 
the elements cci , ccg, , . . Xg^ . . . x„,hy i^, and if sp be such that it 
replaces every index g hj kg, or, in formulae, if 

Sa = [Xi Xf^ Xi^^ • • • / \p^a Xf^ ...)..., 
S/3 = {Xi Xj^ Xie^ • • • / y^b Xjci, ...)..., 

then the product will be of the form 

Sa Sj8 =• {Xi Xjcf^ • • • ) {Xa Xj^f^ ...)... 

The following may serve as an example: 

8 a =^ \XiX2,X^ \X^i)i Sp =■ (a?2*^4»^6) {^3*^5)1 
^a Sp •— (•^1*^5) \p^2'^l^i'^6) yp^s) ~~^ Xp^V^b) \X2*^l*^4p^&) • 

We have introduced here the expression "product." The ques- 
tion now arises how far the fundam ental rules of algebraic multipli- 
cation 

a ' b = b ' a, a - (b - c) = (a - b) - c 

rflmmn valid in this nasft. An examination of this matter will show 
that the former, the commutative law, in general fails, while the 
second, the associative law, is retained. In fact the multiplication of 
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Sfx \*^l »^»i *^t,j ... J ... 5 S/3 — - \*^l *^ki *^k]g. . • . ^ . • • J 

as performed above shows that it is only in the special case where, 
ior ever J a , 4a — ^/a> ^^^ *^® order of the two factors Sa and s^ is 
indifferent. This occurs, for example, as is a priori clear, if the 
expressions for Sa and s^ contain no common elements. 

We m ay therefore interchange the individual cycles of a substi- 
tution in any way, since these contain no common elements. In 
the notation B of page 19, on the other hand, this is not allowable. 

Passing to the associative law, however, if 

Sa — \Xg Xfg ... ^ ... f S/5 — - \p^8 *^kg .... j ... 5 Sy — [Xg^ig • • • / • • • > 

we have the following series of products, 

irom which follows 

Theorem II. In the multiplication of substitutions a col- 
lection of th^ factors into sub-products without change in the order 
of the factors^ is permissible. An interchange of the factors, on 
the contrary^ generally alters the result Such an interchange is 
however permissible if the factors contain no common elements, 

§ 28. From the preceding developments it appears that those 
substitutions 

Ct^ oj — JL , 02 ) ^3 9 • • • °a ) • • • °»* 

which leave a given function 9 (xi^Xz, ... a?„) unchanged, form a 
closed group in this respect, that the multiplicative combination of 
its substitutions with one another leads only to operations already 
contained in the group. 

The name ^[group^ * we shall always use to denote a system of 
substitutions which possesses this characteristic property of repro- 
ducing itself by multiplication of its individual members. The 
number o f eleme nts operated on is called the d egree of the group. 
It is not however necessary that all the elements should actually 
occur in the cycles of the substitutions. Thus 

•Cauchy, who gave the first systematic presentation of the Theory of Substitutions 
in the Exercices d'Analyse et de Physique Math6matlque, employs the name ** system of 
von^ugate substitutions." Serret retains this name in his Algebra. The shorter name, 
"*' group," was introduced by Galois. 
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form a group, for we have SjSa = 52^1 = ^21 ^2^2 = Si = 1. This 
group is of degree 4, if only the elements a^j , a^g , a?3 , ar^ be under 
consideration. But we might also regard the group as afiPecting, for 
example, 6 elements a?, , a?2, ... Xq, in which case we may, if desired, 
write for 82 

S2 = (^^71^72) \a73CC4j (^75) {Xq), 

The degree of the group is then 6. 

The n umber of substitutions contained in a group is called its 
order \ as already stated, this number will always be denoted by r. 

The entire system of substitutions which leave the value of a 
function ^ (cci, a?2, ... x„) unchanged is called the group of aubsti- 
tutions belonging to the function ip, or, more briefly, the group of 
if. The degree of the group expresses the number of elements 
a?!, a72, . . . x^ under consideration; it 8^orde r^_ ^ve8 the number of 
substit utions j ^ ^h leaves the funct ion y nn fihangfld. 

Thus, given the four elements Xi, X2, a:.,, 3^4, and the function 

<P "=■ X1X2 ~\- x^x^^ 

the degree of the group belonging to s^ is 4; its order, as shown in 
§ 25, is 8. 

For the five elements a^j, a^g, x^, x^, x^, the same function <p has 
a group of degree 5 and of order 8, identical with the preceding 
one. 

For the six elements a?i, a?2, 0^3, . . . Xq, the same ^has a group of 
degree 6. To the group above we must now add all those substitu- 
tions which arise from combining the former with the interchange of 
x^ and Xq. The group now contains beside the eight substitutions of 
§ 25 the following eight new ones: 

Sq = {X^Xq)j 81Q = ([^1^2) (p^b^Q/y ^11 ^= \XzX4^) (XqXqJj 

812 ^^^ (a7ia72) [X^X^) [Xi^Xq), 81^ = {XiX^X2X^) {X^X^jj Si4= {XlX^X2Xnj [X^XQfy 

Si5 ^= {XiXq) {X^i) \X5*^6)j Sjg = [XiX^) yXoPC^) \X^X^) . 

The order of the group of ^ is therefore now 8 • 2 = 16. 

It is easy to see that if we regard ^ as dependent on n> 4 ele- 
ments, the order of the corresponding group becomes 8 • (n — 4) I , 
the* group being obtained by multiplying the 8 substitutions of § 25 
by all .the substitutions of the elements ajg, a^g , . . . a7„ . 
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§ 29. The following theorem is obviously true : 

Theorem III. For every single- or multiple -valued func- 
tion there is a group of substitutions which, applied to thefunction^ 
leave it unchanged. 

To show the perfect correlation of the theory of multiple-valued 
functions and that of groups of substitutions we will demonstrate 
the converse theorem : 

Theorem IV. For every group of substitutions there are 
functions which are unchanged by all the substitutions of the group 
and by no others. 

We begin by constructing a function ^ of the n independent 
elements x^, X2, . . . x^ which shall take the greatest possible num- 
ber of values, viz: n!; ^ is therefore to be changed in value by the 
application of every substitution different from unity. 

Taking n + 1 arbitrary and different constants aoj "u • • • «n> we 
form the linear expression 

^ = ao + «i a?! + fig + • . . + «» ^« 

If now two substitutions Sa= {x^i^ ...)... and s^={x^kg ...)..., 
on being applied to <p, gave the same result, we should have 

= <Psa — 9s^ = «i(a?.-i — Xu,) + a^iXi.^ — Xj^ + 

But the aa's being arbitrary quantities, this equation can only be 
satisfied if each parenthesis vanishes separately (§ 2, C), that is we 
must have Xi^=Xjcy But, if this be the case, since the x^^s are also 
independent quantities, the two substitiitions Sa and Sp both replace 
every X\ by the same element Xi^ = Xj^^, so that Sa and Sp are identi- 
cally the same. It is only in this case, where Sa and s^ are identical, 
that they can produce from <p the same value. Accordingly <p has nl 
distinct values. 

§ 30. If now a group G be given, composed of the substitu- 
tions 

Sj = 1, Sg, S3, ... Saj ... S^, 

which we will indicate symbolically by the equation 

we apply all the substitutions of G to the n!-valued function with 
n -f- 1 parameters 



f^ 
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and denote the results of these operations as before by correspond- 
ing subscripts attached to the ^'s 

Then the product of these functions ^ 

will be one of the functions to which the group of substitutions G 
belongs. ^ 

To prove this it must be shown 1) that \ is unchanged by every 
substitution <r of G, and 2) that ^ is changed in value by every 
substitution r which does not occur in G, 

In regard to the first condition we have 

and, from the definition of a group, «i<r = <j", Sg^j ^z^^ • . . s,.<t are again 
contained in G. Moreover, these products are all different from one 
another; for if Sa<J" and s^a applied to <p have the same effect, this 
must also be the case with Sa and 8^ alone, and therefore Sa and 8^ 
are identical. Accordingly the substitutions 8^(t=<t^ 82(t, Sg^r, ... «,.<r 
are identical, apart from their order, with Si = 1, 82, Sg, ... s^, and 
hence the functions 

^«i<r» 9a2<r^ ^»3<r) • • • ^»,.<r 

are identical with 
and accordingly 

as was asserted. 

As to the second condition, the substitutions SjT , SgT, s^r, . . . s,.r 
are all different from Sj, S2> *3» . . . s^, and consequently the func- 
tions ^^x> ^«2T> S^*3T5 • • • ^srT ar© all different from the factors ^ 
^sij S^»2> ^*3» • • • ^«r ^^ ^* Moreover, this difference is such that no 
^«,T can be equal to the product of a f„^ by a constant c, , in which 
case 

would become equal to ^ if 0^020^... Cr = 1. For, if 

«0 + «1 ^Ti+ «2^T2+ . . . = C.(cto + «ia?M + «2^.V> +•••)> 
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then, since the «;^'8 are axbitrary quantities, it would follow at once 

that 

Ci = 1, 

and consequently we should have the impossible equation <pr = ^^... 

§ 31. In many cases the calculation of <P is impracticable, since 
the multiplication soon becomes unmanageable even for moderately 
large values of r. There is however, another process of construc- 
tion in which the product is replaced by a sum, and every difficulty 
of calculation is removed. 

We begin by taking as the basis for further construction, instead 
of the linear function ^, the following function 

The a^'s are to be regarded here, as before, as arbitrary quanti- 
ties, and, as the x^s are also arbitrary, it follows at once that (p is 
an n!-valued function. For, if 

then we must have identically 

x^^^x^^^x/^ . . . x/n z=z x{*^x{*'^x^y^ . . . irj«, 

and, from § 2, C, this is only possible if every /?, is equal to the cor- 
responding ;*,-, that is, if the substitutions <r and r are identical. 

We denote the functions which proceed from ^ under the opera^ 
tion of the substitutions of G by 

and form now^he sum 

The proof of the correlation of G and ^ proceeds then exactly as 
in the preceding Section in the case of G and ^. 

Eemabe. — By making certain assumptions with respect to the 
a's we can assign to the ^'s some new properties. Thus we may 
select the a's in such a way that an equation between any two arbi- 
trary systems of the a's, 

«n + «»2 + . • • «.A — "*i ■+" "*•« "I" • • • "V > 

necessarily involves the equality of the separate terms on the right 
and left. This condition is satisfied if, for example, we take 
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«2 > «1, «3 > «1 + «2> «4 > «1 + «2 + «3 > , 

in particular if 

E. g. If a,j + «t2 + • • • + «»A — 1^> ^® ^^st have i^ = 1, 13 = 3, 
z's = 4, A = 3. 
/ Ai .f/ /4 KA Example. — We will apply the two methods given above to the 

"^'(U^^^Ji^^^^^^ group (^ j3. t'i} 

'  'Y " ^^^L^» C**'l*^2)j V«^8«^4)j (•*'1**^2} C*^3^4J> (•*'1»**8} C»**2^4)» (•*^1^4) (•^2'^3)» 

U ' I |1r* I * ' (x^x^x^x^), (XiXiX2Xs)~\, (n = 4, r = 8) 

taking as fundamental functions 

f = x^-\- ix2 -r a?3 — ix^ and v^' = x^XiX^x^^ 

Inhere, as usual, i = ^/ — 1. 

We have then the following results: 

*^ — v^l i~ ***'2 **^3 ^**^4/ \.*^2 ~T~ *'**'l **'3 •'^'4/ \.**'l ~| *'**'2 '*^4 ^*^3/ 

( tZ/2 —p l'«^i *t^ ZX^) yX^ "[ frt*;^ it- J 1X2) \X^ "Y" iXq —~~ X2 ~~'~ t'Xif 
\X^ "^^ vX^ '~~~~ X2 ■^~~ *'**'l/ \**^4 "i" *'**^3 ~~'~ Xj —""" 1X2) 

= { i{x, — x^y + {x2 — x,y^ [{x, — x^y + (x^ — x,y] } \ 

W' — /v» /y '^/y 8 I /yi -y» 2/yt 3 I ^ /y, 2/y, 3 _| „ ^ 2^ 8 I ^ ^ 2^ 3 I ^ ,y, 2~, 3 

+ 'V /y» 2/y« 8 I ,yi /y, 3,y, 3 

■~ V.*^! r •^2/ ' •^3 •^'4 T" •^'4 *^3 ) "T" V*^3 "T" •^'4/ V*^l *^2 I •^2 ^i / 
= (^^1 "P •^2) V*^3 ! «^4 j V*^8 •^4 I *^\ *^2 )• 

Neither of the two methods furnishes simple results directly. 
But from ^ we may pass at once to the function 

[{x, — ics)' + (a?8 — a?4)'] [i^i — Xif + (^2 — x^y] , 

«nd from ?f^to the two functions 

{Xi + a?2) (^3 + ^^4) and X1X2 + a^3i»4 1 

the latter being already known to us. It is clear also that by alter- 
ing the exponents which occur in ^ we can obtain a series of func- 
tions all of which belong to G, Among these are included all 
functions of the form 

(rg» CI I /y* ei\ / /y» O- I rg* o\ /y* <L /y OL _4_ ry OL /yt CL 

U^l -p U/2 ) y*^^ n^ •*'4 /J O/i •C'2 n^ 0/3 »t'4 . 
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In general we perceive that t o every group of substitutions th^j ^e 

belong ftTi infinite n^iTn|)ftr of fnnp.tionH. 

It may be observed however that we c annot obtain all function s 
^belonging to a given grou p by the present methods. Thus the 
function 

belongs to the group (x, Y^X^^tJ^W^iXi^vjfX^X^ 

G = [1, (xiX^)^ (a?aa?,), ^ix^)i;x3 ir^- )^, 

but cannot be obtained by these methods. More generally, if 
the functions <p\ ^", ^'", . . . belong respectively to the groups 
H\ JE?", i?'", . . . , and if the substitutions common to these groups 
{Cf, § 44, Theorem VII) form the given group O, then the function 

where the a's are arbitrary, belongs to the group G. 

§ 32. We now proceed to consider the case where the elements 
Xi,X2, . . .Xn are no longer independent quantities. 

Theorem V, Even where any system of relations exists 
among the elements XiyX2^ ... x„, excluding only the case of the 
equality of two or more elements^ we can still construct nUvalued 
functions of Xi, X2, . . , x„,^ 

Using the notation of the preceding Section, we start from the 

same linear functioli 

^ = «0 + «1^1 + «2^2 + . . . + f^nXn, 

and form the product of the differences of the ^'s 

n {<p^ — <Pr) 

n\(n\ 1) 

this product being taken over the \ n — possible combinations 

of the ^'s in pairs. Expanding we have 

In no one of these factors can all the parentheses vanish, since 
otherwise either the substitutions <r,. and r^ must be identical, or else 
the ay's are not all different. The product, regarded as a function of 
the a's , therefore cannot vanish identically (§ 2, D). Consequently, 

*Cf. G. Cantor: Math. Annalen V, 133; Acta Math. I. 372-3. 
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(§ 2), there are an infinite number of systems of values of the a's 
for which all the nl values of <p are different from one another. 

Corollary. The only relations among the x^s ivhich can 
determine the equality of linear expressions of the form 

<P — <^0 + <^\Xi + a2^2 + . . . + O-ffiCn 

independently of the values of the a's, are the relations of equality 
of tu'o or more x's. 

§ 33. With the Theorems III and IV the foundation is laid for 
a classification of the integral functions of n variables. Every func- 
tion belongs to a group of substitutions; to every group of substi- 
tutions correspond an infinite number of functions. This relation- 
ship is not the only connection between functions which are 
unchanged by the same substitutions; we shall find also a corres- 
ponding algebraic relation, namely, that every function which 
belongs to a group G can^be rationally expressed in terms of ev ery 
other funct ion belongin g to t he same group . 

It becomes then a fundamental problem of algebra to determine 
all the possible groups of substitutions of n elements. The. general 
solution of this problem, however, presents- difficulties as yet insup- 
erable. The existence of functions which possess a prescribed 
number of values is discussed in one of the following Chapters. It 
will appear that there are narrow limits to the number of possible 
groups. For example, in the case of 7 elements, there is no function 
which possesses 3, 4, 5, or 6 values; and we shall deduce the general 
proposition that a function of n ele ments which has more than twa 

r - 

values, will have at least n values, if n > 4. A series of other anal- 
ogous results will^lso be obtained. 

For the present we shall concern ourselves only with the con- 
struction and the properties of- some of the simplest, and for our 
purpose, most important groups. * 

§ 34. First of all we have the group of order n\ , composed of 
all the substitutions. This group belongs to the symmetric func- 
tions, and is called the symmetric group. 
Tlo*\1^ft.l3 ^ Chapter I jve have seen that every substitution is reducible 

^ ^* to a series of transpositions. Accordingly, if a group contains all 

• Cf. Serret: Cours d'algdbre sup6rieure. II, 8§ 416-429. Cauchy: loc. cit. 
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the traDspositions, it contains all the possible substitutions and is 
identical with the symmetric group. To secure this result it is how- 
ever sufficient that the group should contain all those trdnspositions 
which affect any one element, for example Xi , that is the transposi- 
tions 

\pClX2)y v.*^i*^3/> \*^l*^4/> • • • y^l'^H/' 

For every other transposition can b^ expressed as a combination 
of these n — 1 ; in fact evfery (XaX^) is equivalent to a series of three 
of the system above, • ^ (t 

OL 1 /> 

\XaXp) := {XiXa) {XiXp) (X]iCa)j Ot^ A f 

(where it is again to be noted that the order of the factors is not / A ^ 
indifferent). We have then 

Theorem VI. A group of n elements x^, X2, . . . aj» which 
contains the n — 1 transpositions 

[XqXiJj \XaX2)j • • • \p^a*^a — ij) V«^a«^a +1/) • • • y^a'^H) 

is identical with the symmetric group. 

Corollary. A group which contains the transpositions 

{Xi,Xp), (XaXy), . . . (XaX^) 

contains all the substitutions of the symmetric group of the elements 

Xfi , Xq , Xy , . • . X^ 

§ 35. We know further a group composed of all those substitu- 
tions which are equivalent to an even number of transpositions. For {^ ^^.^ lJ/j 
all these substitutions, and only these, leave every two-valued func- 
tion unchanged, and they therefore form a group. We will call 
this group the alternat ing group. Its order r is as yet unknown, 
and we proceed to determine it. Let 

be all the substitutions of the alternating group, and let 

be all the substitutions which are not contained in I), and which are 
therefore composed of an odd number of transpositions. We select 
now any transposition tr, for example ^ = (xiXz), and form the two 
series 

I') Si(T , S2^, S^fT^ ... SffT, 

IT) s/ff, SgV, SgV, ... 8/(T, 



I 
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Then every substitution of I') is composed of an odd number of 
transpositions, and every substitution of II') of an even number. 
Consequently every substitution of I') is contained in 11), and every 
one of ir) is contained in I) . Moreover, «a<^ =r ^P^y ^^^ Sa^=r^P^^ 
for otherwise we should have 

«« = 8a{(T' (t) = {8a(T) (T = (s^ff) (T = Sp((T . <t) = 8p, 
8a = 8a{<^ • <y) = {Sd(^) «5- = (s^'<^) (^ = Sp'{(T • (T) = 8^\ 

since tr . tr =^ (^1^2) (^1^2) — 1- 

It follows from this that r^t and r^t, that is r = ^. Again, 
since I) and II) contain all the substitutions, r-}- 1 = h\. Hence 

n\ 

T = • 

2 
We will note here that there is no other group F of order ^ • 

For a function ^1 belonging to such a group would be unchanged by 
^ substitutions, and would be changed by all others. It would 
therefore possess other values beside <pi . Suppose <p2 to be one of 
these values, and let <y be a substitution which converts y>i into 
^2 = <Ptr' If now (fi is unchanged by the group 

III) . r= [1, V, S3', . . . S'jnl], 

then ffi must be converted into s^a by all the substitutions 

IV) <r, 82 (f, 8/(T, . . . s'j„!<r; 

for 8\ leaves <pi unchanged and <r converts ^j into ^29 consequently 
8\<T will also convert ^^ into ^2- Again all the substitutions 8^(7 of 
the series IV) are different from one another. For, if 8a tr = 8p(T, 
it would follow that sj = 8^'. The substitutions 8x!(t are also 
different from the 8x"s, for the latter have a different effect on ^i 
from the former. Consequently III) and IV) exhaust all the possi- 
ble substitutions, and <pi is therefore a two-valued function, for there 
is no substitution remaining which could convert <pi into a third 
value. The group F is therefore the alternating group. 

Theorem VII, For n element8 there is only one group of 

n! 

order Y' ^^'^ ^ ^^^ alternating group. It belongs to the ttvo- 
valued functions. 

We can generalize this proposition. The proof, being exactly 
parallel to the preceding, may be omitted. 
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Theorem VIII, Either all, or exactly half of the substi- 
tutions of every group belong to the alternating group. 

Corollary. Those substitutions of any given group of order 
r which belong to the alternating group, form a group within the 
given group, the order of which is either r or ~. 

The simplest substitutions belonging to the alternating group ij^y? - t A i 
contain three elements in a single cycle, (XaX^Xy). They are equiv- ' p/f^ 
alent to two transpositions, (a?aa?^iKy) = (XaXy) (xpXy), 

A substitution containing only one cycle (Xi^ , cc^g , ... XiJ) we 

shall call a circular substitution of order m. 

Theorem IX. If a group of n elements contains the n — 2 
circular substitutions 

\XiX2Xq), {XiX2X^), . . . \XlX2Xf^), 

it is either the alternating or the symmetric group, f jA .,. * , /* " * 

For since / /i /- •.«<.•. i ...yr... 

(XaX^Xy) = (x^X^p) (x^X^p) (x^X^Xy) (x^X^Xa) (x^X^Xa) {^l^^^^\Lf,^..,''t.^.K^.\ ^V.". 

it follows that the given group contains every circular substitution!^ ' •• ^ ...^... 
of the third order. And again, since ^"^ '" ^ -/" 

« 

it follows that all substitutions occur in the given group which are 
composed of two, and consequently of four, six, or any even num- 
ber of transpositions. The theorem is therefore proved. 

We add the following theorem: 

Theorem X. If a group contains all circular substitutions 
of order Jm -\- 2, it will contain also all those of order m, and con- 
sequently it will contain either the alternating or the symmetric 
group, according as m is odd or even, / 2. - h^ ^Z 

For we have '^'^ * ^ ^ 

3 1/ . . . ^ '. • - 2. / 2. 

{X1X2 , , , Xff,X„Xi,) \X1X2 , , , XfftX„ Xj, ) [XmXfn _ 1 . . . X^ifXiXa) ^ , , ^ f d^Ti- 

Finally, we can now give the criterion for determining whether 
a given substitution, expressed in cycles, belongs to the alternating 
group, or not. The proof is hardly necessary. 
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Theorem XI. If a substitution contains m elements, in k 
cycles, it does or does not belong to the alternating group according 
OS m — k is even or odd, 

§ 36. Any single substitution at once gives rise to a group, if we 
multiply it by itself i, e., if we form its successive powers. The 
meaning of the term "power" is already fully defined by the devel- 
opments of § 27. We must have 

= «« • 8^ -s*""**^ = 

The process of calculation of the powers of a substitution is also 
clear from the preceding Sections. If we wish to form the second, 
third, fourth, . . . a*^ power of a cycle, or of any substitution, we 
write after each element the second, third, fourth, . . . a*^ following 
element of the corresponding cycle, the first element of each 
cycle being regarded as following the last. Thus, from the cycle 
{xtXiX^XiX^ . . . ) we obtain for the second power (x^x^x^ . « . )> ^^^ *^® 
third {XlX^x^ . . . ), for the fourth (xiX-^x^ . . . ), etc. It is obvious 
that in this process a cycle may break up into several. This will 
occur when and only when the number of elements of the cycle and 
the exponent of the power have a common divisor d > 1. The 
number of resulting cycles is then equal to d. 

For example, 

yXiXt^^X^X^X^) ^^ {XiX^Xe^j [X2X.^XQf, 

\XiX2X^X^X^Xf^) —- V«^l«^4J \«^2»^5/ \»^3*^6/> 

\XiX2X2,X^X^XQf ^^ [XiX^X^) \X2XqX^)j 
{XiX2X2X^X^XqJ ^^ \XiXQX^X^X^X2f. 

If the number of elements of a cycle be m, then the m^^, (2m)*^, 
(3m)"\ . . . poivers of tlie cycle, and no others, will be equal to 1. 

J^* g. \XYX^X2,X^XrflC^} — yX^X^X^^X^XefluQJ — ... — J.. 

If a substitution contains several cycles with mj , mg , mg , . . . 
elements respectively, the lowest power of the substitution which 
is equal to 1 is that of which the exponent r is the least common 
multiple of m, , m2, wig, . . . Thus 

This same exponent r is also the order of the group formed by 
the powers of the given substitution. For if we calculate 
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OjOj ••• 8 



, s^=l, 



a f arthor cobtinuation o'f the series gives merely a repetition of the 
same terms in the same order: 



8^ + ^=8,8^ + ^ = 



S^, 8 



r + 3 — 8 <>2r — 1 — or — 1 ^^r — „r — I 

— O • • • • o o • o o a. y a • • 



Moreover the powers of 8 from s* to s** are difiFerent from one 
another, for if 



gA_gA+ M — gX .gfi (^ + /J^^r), 



then we should have contrary to hypothesis 

8/^ = 1 {fi<: r). 

The extension of the definition of a power to include the cas e of 
negative exponents is now easily accomplished. We write 



^-k _ ^r — k __ gir-k _. 



SO that we have 



s* s~* 



1. 



The substitution s* therefore cancels the effect of the substitu- 
tion 8~^, and vice versa. The negative powers of a substitution are 
formed in the same way as the positive powers, only that in forming t(^ 
( — iy\ ( — 2J**,( — S^, . . . powers, we pass backward in each cycle 
1, 2, 3, . . . elements, the last element being regarded as next pre- 
ceding the first. 

It may be noted that {8t)~^ = t~^ «~\ For {st)~^ {8t) =1 , and 
by multiplying the members of this equation first into t~^ and then 
into s~\ we obtain the result stated. 

The simplest function belonging to the cycle {xi x^ , , , x^) is 



<p — X-^X2 "T" X2 X^ -f- . . . "T" Xfn _ 1 Xm T" *^m *^l • 

§ 37. Given two substitutions 8a and s^ , if we wish to deter- 
mine t he group of low est order w hich contains Sa and 8^ , we have 
"not only to form all the powers Sa\ 8^ and to multiply these 
together, but we must form all the combinations 

Of the substitutions thus formed we retain those which are dif- 
ferent from one another, and proceed with the construction until all 
substitutions which arise from a product of m factors are contained 
among the preceding ones. For then every product of m + 1 fac- 
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tors is obviously reducible to one of m factors, and is consequently 
also contained among those already found. The group is then 
complete. 

In case s^Sa = SaS/s'*, the corresponding group is e'behauated by all 
the aubatitutions of the form Sa*«/3^ For we have in this case 

. ...... A^'ArM'^^-^ '^-^ - 



Consequently any product of three factors is reducible to a product 
of two. Thus 

and the theorem is proved. 
For example, let 

then 

The group of lowest order which contains s, and s^ contains 
therefore at the most 5 • 4 = 20 substitutions. / To determine whether 
the number is less than this, we examine whether it is possible that 

Si%^ = Si'^Sa* • 

If this were the case, it would follow that 

But in the series of powers of S2 there is only one which is also a pow- 
er of Si , and this is the zero power. Consequently we must have 
« = ^and)5 = (5. The group therefore actually contains 20 substi- 
tutions. These are the following, where for the sake of simplicity 
we write only the indices: 
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5,0 = 1, 8, = (2354), 8,' = (25) (34), s,' = (2453), 

si^ = (1 2345), 8,8, = (1325), 8,8,' = (15) (24), 8,8,' = (1435), 

8,' = (13524), 8,% = (1534), s, V = (14) (23), «>/ = (1254), 

8,' = (14253), 8,\ = (1243), s^V = (13) (45), 8,%' = (1523), 

si* = (15432), 8,% = {Ub2\ SiV = (12) (35), SiV = (1342). 

Analogous results may be obtained, for example, for the case 

In ca8e every 8^*^8a (a =1, 2, 3, . . .) can he reduced to the form 
Sa8fi\ the group of lowe8t order which contains 8a and 8^ i8 exhausted 
by the 8ub8titution8 of the form 8a''8p\ 

For by processes similar to those above we can bring every sub- 
stitution S/s'^Sa" to the form Sa^s^^- The proof is then reduced to the 
preceding. 

Furthermore if 8p^ is the lowest power in the series 8p, 8p\ . . . 
which occurs among the power of 8a, then the group contains q times 
as many substitutions as the order k of Sa* For in. the first place, if 
the exponent A in Sa^SjS^ is greater than q — 1, we can replace 8^^ by 
a ^a'^^/s" > where v^q — 1. There are therefore at the most q • k differ- 
ent substitutions Sa''^^^ Again if 

5aV = «a'*V (^,S^£g — 1), 

then we must have, if we suppose A > v, * 

'V^ = «»'*"'' (A— v<gr — 1), 

and consequently A = v, ;tt = x . There are therefore actually q • k 
different substitutions. It is readily seen that g is a divisor of the 
order r of S/g. 

If three 8ub8titution8 8a, s^, Sy, are such that for every ij. 

and if k he the order of 8a, and 8^^ the lowest power of 8p which is 
equal to a power of Sa, Sa^, finally if 8y is the lowest power of Sy 
which is equal to Sa'^«^*') then the group of loudest order which con- 
tains Sa, 8p, Sy is of order kqt, and its substitutions are of the form 

sJsp'Syi {d = 0, 1, ...A:— 1; e = 0, 1, ...g— 1; C = 0, 1, ...^—1), 

The proof is simple and so clearly analogous to the preceding 
that we may omit it. 
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§ 38. With this set of propositions belongs also the following: 
If 

Ct = [^1, ^2) ^39 • • • ^r\ 
^ = [1, ^2) ^85 • • • ^/] . 

he two groups of substitutions between which the relation 

holds for all valves of a and iS, and if furthermore G and H have 
no substitution in common except identity, then all the combinations 
Satfi, or tpSa, ((i = 1, 2, . . . r; /? = 1, 2, . . . r') form a group of order 
rr' which contains G and H as subgroups. 

For since 

Satfi •8yts= Sa{tpSy)ts = sJjS^ • t^)tB = S^ty, 

the substitutions Sa,t^ form a group of, at the most, rr' substitutions. 
And we will show also that all of these are different from one an- 
other. For if, for example, 

then if we multiply both sides of this equation hj Sy~^^ at the left 
and tp~^ at the right we obtain 

Sy Sa — - ffi */3 • 

But Sy~*Sa is a substitution of G and t^tp'^ a substitution of H, and 
consequently they can only be equal if both are equal to 1. Hence 

Sy-^Sa,= l, t6tp-^ = l, 

Sa — Syy Tj — tp . 

The substitutions of the new group are then all different, and the 
order of the group is therefore rr\ We denote the group by 

K=\G,H\. . 

We add without proof, the following generalization of the last 
theorem. 

Under the same assumption Satp = tySs, if the two groups G and , 

rr^ 
H have A substitutions in common there is a group of order --y- which 

contains G and H as subgroups,* 

§ 39. In later developments a group will frequently be required 

* F. Giudice. Palermo Rend, I, pp. 222-223. 
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the order of which is a power of a prime number p. The exist- 
ence of such a group will be demonstrated by the proof of the fol- 
lowing proposition, from which the nature of the group will also be 
apparent. 

Theorem XIT* If p^ he the highest power of the prime 
number p which is a divisor of the product n! = 1 • 2 • 3 . . . n, then 
there is a group of degree n and of order py 

In the first place suppose n < p\ so that n = ap-\-h (a, 6 < p ), 
Then, of the numbers 1, 2, 3, ... n, only p, 2p, 3jp, . . . ap are 
divisible byp, so that/= a. We select now from the n elements 
a systems of p Zetters each, aud form from each system a cycle, as 
follows: 

Then the group which arises from these is the group required: 

For every sx with its various powers forms a subgroup of order p, 
and since no two of these a subgroups have any element in common, 
it follows from Theorem II that 

Accordingly every possible combination of substitutions Si% Sg^, . . • 
belonging to K can be brought to the form 

Si^Si^s^y s/ (a, /5, ^'j . . . 1/ = 0, 1, 2, . . ,p — 1). 

The group K therefore contains at the most p* substitutions. And 
it actually contains this number, for all these p" operations are dif- 
ferent from one another. For if 

Sj S2"8^y . . . Srt -—Si 82" S^y , , * Sa , 

it would follow that 

Si 81 ^^ 81 ^^^ 82" Stp' , , , 8(1 8a So— I '^ . . . S3 '^^2 " ^^^ 82" S3 '^ y , , , 

and therefore, since Sj, has no element in common with 82, 83, , , , , 
we must have a = a\ etc. 

Again, if n=p^, we shall have/=p + l, since in the series 

*In the designation of a group the brace, \ !■ , as distinguished from the bracket, T J * 

indicates that the group referred to is the smallest group which contains the included 
substitutions. The bracket contains all the substitutions of the (;roup considered, while 
the brace contains only the generating substitutions. The latter can generally be se- 
lected in many ways. C!f. the notation at the close of the last Section. 

3a 
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1, 2, 3, . . .p^ the numbers p, 2p, 8p, ... (p — l)p, p^ are divisible 
by p. We form now again the substitutions 

as before, and in addition to these the substitution 8p^i which affects 
all the p^ elements 

5p + 1 = {Xf^Xi^Xi^ . . . X^^Xi^Xi;^ , • . Xt^Xf^ , . . Xt^ . . . Xi^ j. 

Then the required group is 

For in*the first place we can readily show that 

8i Sp^i ^^*j» + l*2> ^a.8p-\-\ ^^*i» + l *a+l» ^J> *P + 1 ^^^1>4-1^1> 

1 *^jp + l — ^p-\-vh > oa Op + 1 — °|> + 1 ^a + 1 > Op Op + 1 — «>p + l*>l > 

8A o * ^^ o 2 ^ A o Ao ^ -~— o * o A o^o "^ "— o 2 p A 

1 '»p + l — °P + 1 *8 > *« ?P + 1 — *P + 1 *'a + 2 ) Op ^J> + 1 — ^P + \ *2 > 

Accordingly every combination of the substitutions $n ^29 • • • ^i> + i 
can be brought, as in § 37, to the form 

8i*«j%8"^ . . . V^i»+i* ("> y5, ;-, . . . {, z = 0, 1, 2, . . . p — 1). 

But we must also show in the present case that we need only take 
the powers of «p + 1 as far as the {p — 1)*^. We find that 

Sp^i =■ (Xi^Xf^Xi^ , . . Xi^ yxjg^Xjf^ . . . Xje^) . . . {Xt^Xt^ . . . x^^ 

— 8j ^2 . . . Sj, , 

Soil' — o Ao ^ o A 

|p -J- 1 — "I "2 • • • «»p • 

Consequently, if A:>p, we can replace the highest power of Sp+i^ 
which occurs in Sp+i* by powers of Sj, Sg? • • 'Spj and these can then 
be written in the order above. 

The question then remains whether the p*+^ =p^ substitutions 
thus obtained are all distinct. If two of them were equal 

^Q P Q ^a K— Q oJ a P* o if K-' 

01 02"^ . . . Op Op 4. 1 01 02'^ • * • o^ o^ 4- 1 9 

we should have 

Q k — k' — o a' ~ fto 3' ~ 3 Q t' — t 

Op 4. 1 — oj c»2 "^ ... Op . 

But the substitution on the right does not affect the first subscripts 
i^kj . . . , while that on the left does, unless z = z'. The proof then 
proceeds as before. 

If n>p^ but <p^ that is, if n = ap^ + bp + c (a, 6, c<p), 
we select from the n elements xk any a systems of p^ elements each, 
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and any ofcher b systems of p elements each. With the former we 
construct a groups K2, and with the latter b groups Ki , The com- 
bination of these a-^-b groups gives the required group £3. For 
the product of the numbers 

(a-l)p^ + l, (a-l)p^ + 2, . . . {a—l)p'+p, . . . 
(a-l)p'+p\ {a<p) 

is divisible by only the same power of p as the product of 

lj2, . . .p, . . .p\ 

Again, if n =p^, then the exponent / of p^ is increased by 1 on 
account of the last term of the series 

(p-l)p' + l,(p-l)p' + 2, . . . (ip-l)p'+P, . . . 
(p-l)p'+p'=p\ 

SO that in this case the multiplication of the p partial groups K^ is 
not sufficient. In this case, exactly as for n=p\ we add another 
substitution which contains all the p • p^ elements in a single cycle, 
and the p^^ power of which breaks up into the p substitutions as inr 
the case of Sp + 1 above. Then, as in that case, we can show that the 
new group satisfies all the requirements. At the same time it is 
clear that the method here followed is perfectly general, and accord- 
ingly the theorem at the beginning of the Section is proved. 

§ 40. Since all the groups K^, K2, K^^, , , . enter into the forma- 
tion of the group K, we have the following 

Corollary. If p^ is the highest power of p which is a divi- 
sor of n\ , then we can construct a seines of groups of n elements 

1, Ki , K2 9 . . . ^A > -fi^A + 1 J • • • -^f 
which are of order respectively 

l,P,p\.^.p\p^^\ ...p-^. 
Every group Kx is contained as a subgroup in the next following 
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THE DIFFERENT VALUES OF A MULTIPLE-VALUED FUNC- 
TION AND THEIR ALGEBRAIC RELATION 
TO ONE ANOTHER. 

§ 41. Wg have shown in the preceding Chapter, that to every 
function of n elements Xi, X2, x^, . . . x„ there belongs a group of 
substitutions, and that conversely to every group of substitutions 
there correspond an infinite number of functions of the elements. 
The examination of the relations between different functions which 
belong to the same group we reserve for a later Chapter. The 
problem which we have first to consider is the determination of the 
connection between the i^everal values of a multiple-valued function 
and the algebraic relations of these values to one another. 

If 9 {xi, X2, . . , x„) is not a symmetric function, or, in bther 
words, if the substitutions Sj = 1, Sg? ^3, . . . s^ of the group G be- 
longing to <p do not exhaust all the possible substitutions {i. e, r < w!), 
then ^c, on being operated upon by any one of the remaining sub^ti- 
tutions <r2, will take a new value ^2 = fa^- 

We proceed to construct a table, the first line of which consists 
of the various substitutions of the group G: 

81 ^= ±j 82J 8^j , , , Sf^ (jTy (Pi* 

The second line is obtained from the first by right hand multi- 
plication of all the substitutions 8\ by (T2. This gives us 

We show then, as in Chapter II, § 35, 1) that all substitutions of 
this line convert ^i into ^2? for since ^^^ = ^1, it follows that 
^g^ff^= <p„^-=<p2\ 2) that no other substitutions except those of this 
line convert fp^ into y>2» for if r is a substitution which has this 
effect, then we shall have 
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4 

SO that T(T2~^ leaves the function ^i unchanged; consequently 
T/r2~* = SA B,nd T={r(r2~^)(T2 = 8\(T2, and therefore r is contained in 
the second line; 3) that all substitutions of this line are distinct; for 
if 8a(T2 = 8fi(T2, it foUows that 8a = 8p'j 4) that the substitutions of 
this line are all difiPerent from those of the first; for the latter all 
leave f>j unchanged, while the former all convert ^j into ^2 * . 

If the 2r substitutions 8\ and $a^2 do not yet exhaust all the pos- 
sible n\ substitutions, then any remaining substitution c^ will con- 
vert <pi into a new function ^<rs= ^^'t for all the substitutions which 
produce fi and ^2 ^^^ already contained in the first two lines. By 
the aid of ^3 we form the third line of our table 

The substitutions of this line have again the four properties just 
discussed. They are all the substitutions and the only ones that 
convert (fi into ^3 , and they are all difiPerent from one another and 
from those of the preceding lines. 

If these Zr substitutions do not exhaust all the possible n\, we 
proceed in the same way, until finally all the n\ substitutions are 
arranged in lines containing r each. 

We shall frequently have occasion to construct tables of this 
kind. All these tables will possess the properties: 1) that all the 
substitutions in any line will have a special character; 2) that only 
the substitutions of this line will have this character; 3) that all the 
substitutions of any line are difiPerent from one another; and fre- 
quently, but not always, the fourth property will also appear: 4) 
that all the substitutions of any line are difiPerent from those of any 
other line. * 

Summarizing the preceding results we have the following 

Theorem I. If the multiple-valued function ^ (a?i, a?2, . . . x„) 
has in all p value8 <pi, 92^93^ • . • S^p ct'^^d if <p is converted successively 
into these values by certain substitutions, for example ly<J'2> ^3? • • • ''"p? /, 
furthermore, if G, the group of 9, is of ord^ r and contains the 
substitutions Si = 1, 82, s^, . , .s,., we can arrange all the possible n\ 
substitutions as in the follouring table : 

•Such tables were given by Cauehy: Exercices d'analyse et de physique mathemat- 
ique, III., p. 184. 
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^8 5 ^8 > % ^3 > ^8 ^''s > • • • ^r<''3 ) (^\ ' ^Z 



in which every line contains all and only those substitutions which 
convert ^ into the rvalue ^a prefiaced to the line. 

The several values s^i, ^2> ... ^p of the fanction ^ are called con- 
jugate values. 

§ 42. From the circumstance that all the substitutions of this 
table are different from one another, and that the p lines of the 
table exhaust all the possible substitutions we deduce the following 
theorems: 

Theorem II. The order rof a group G of n elements is a 
divisor of nl ^ 

Theorem III. The number p of the values of an integral 
function of n elements is a divisor of n\ 

/ Theorem IV. The product of the number p of the values 

<3 71 * of an integi^al function by the order r of the corresponding group 

is equal to n\ 

The third theorem imposes a considerable limitation on the pos- 
sible number of values of a multiple valued function. Thus, for 
example, there can be no seven- or nine-valued functions of five 
elements. But the limits thus obtained are still far too great, as the 
investigations of Chapter V will show. 

§ 43. Precisely the same method as that of § 41 can be applied 
to the more general case where all the substitutions of the group G 
belonging to <p are contained in a group H belonging to another 
function 0, so that G is a part or subgroup of H, just as in the 
special case above G was a subgroup. of the entire or symmetric 
group. We see at gclqq that all the substitutions of H can be 
arranged in a series .of lines, each line containing r substitutions of 
the form Sk^t^, (A = 1, 2, . . . r). And we pass directly from the pre- 
ceding to the present case by reading everywhere for " all possible 
substitutions" simply "all the r^ substitutions of W\ We have 
then 
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Theorem V. Ij all the r substitutions of the group G are 
contained among those of a group H of order r^ , then r is a diinsor 

of n. 

Theorem VI. Given two functions 9 {x^^Xz^ ... x^ and 

(fi {xi, X2, ... x^), if <p retains the same values for all substitutions 
which leave <p unchanged^ the total number of values p of <p isa mul- 
tiple of the total number of values p^ of (p. 

For we have 

_n\ _n\ . i^ _ ^1 

^ — "IT' P^ — ";^' ' ' ~^ ~~^' 
r 7*1 Pi ^ 

Corollary. If a function ^{x^ ... x„) belongs to a subgroup 
G of the group H, and if r is the order of G and r^ that of if, 
then <p on being operated upon by the substitutions of H takes exactly 

— values, 
r 

§ 44. By a still further extension of the subject we may include 
the case where two groups G and H contain any substitutions 
in common. This case can be at once reduced to that of the prece- 
ding Section. For this purpose we employ the following proposi- 
tion: 

Theorem VII. The substitutions common to two groups 
form a new group, the order of which is accm^dingly a divisor of the 
orders of both the given groups. 

For if (f and r belong to both Gi and G2 then <7 • t also belongs to 
both Gi and G2 and occurs among the common substitutions. The 
same result can also be obtained as follows. If <pi and ^2 he func- 
tions belonging to Gi and G2 respectively, then the function 

where a and /5 are arbitrary constants, remains unchanged for those 
substitutions which leave both ^1 and ^2 unchanged, that is, which 
are common to Gi and 6^2- These, being all the substitutions which 
belong to (p, form a group. 

Corollary I. Two groups whose orders are prime to each 
other can have no substitutions in coiv^mon except the identical sub- 
stitution. 
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Corollary II. The order of every group H which consists of 
all or a part of the substitutions common to the tux> group4 Gi and 
G2 is a divisor of both r, and r, 

§ 45. We proceed next to determine and tabulate the groups 
which belong to the various values ^. of ^, (^ = 1, 2, 3, . . . p). 
The group G= Gi ot ^i contained the substitutions 

Sj JLy Si2^ S^f . ' ' Sf., 

The value ^2 ot <p was obtained from <Pi by the substitution erg; con- 
sequently ff2~^ converts <f>2 back into <pi. If then we apply to ^2 suc- 
cessively the substitutions o"2~S *a, ^2, the first of these will convert 
<p2 into ^i , the second will leave <pi unchanged, and the third will con- 
vert ^1 back into ^2- It appears therefore that ^2 is unchanged by 
everys uJDstitution of the^ for m (^2~^^a^2i{'^ = 1, 2, . . . r). For the 
second line of our table we take therefore 

We can then show that this line contains all the substitutions 
belonging to the group of ^2- For if t be any substitution which 
leaves ^2 unchanged, then rtr^^ will convert fo into s^i, that is 

Consequently the substitution <J"2r^2~ ^ belongs to the group of 
<Pi, and we may write it equal to ««• But from the equation 

(T2r(T2~^=Sa follows T= ff2~^((T2r(T2~^)(T2~ (T2~^ Sa^2i ^S WaS aSSCrtcd. 

Again it is easily seen that all the substitutions of the second 
line are different from each other. For if 

it follows that 

We may note however that t he substitutions of the second lin e 
are not necessarily different from those of^t he firsi In fact the 
identical substitution is of course always common to both and other 
substitutions may also occur in common. {Cf.% 50). 

From the three properties of the second line obtained above, it 
follows that the r substitutions of this line form the group of ^2* 
We will denote this group by G2. That these substitutions from a 
group can also be shown formally; for 



< 
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(^2~ *Sa<^2) {^2~ ^S/3 ^^2) = ^2" ^Sa {^i'^^' ^^ ^2 = <^2~ H^a^^) ^^2 > 

SO that, if Sa, sp, . . . form a group, as was assumed, the same is true 
of the new substitutions. 

Similar results hold for all the other values, ^3? ^4> • • • 9pOi ^, 
and we have therefore 

Theorem VIII. If the values <Pi, 92^ * - » ^pof a p-valued 
function (p proceed from <p by the application of the substitutions 
(Tj = Ij/Tj, <J"8, . . . (Tp, then the groups Gi, G2, . . . ^p c>/ 9^1, ^21 • • • ^p 
respectively are 

G-j == [s^ = 1, 82 , S3 , . . . s,.j , 

^2 == \j^2~ ^ ^l''"2 ^^ 1 ) ^2~ ^2'^2 > ^2~ ^ ^3^2 ) • • • ^2~ ^r ^2^ ^= <^2~^ ^1 ^2 > 
6rp = [_^p~ ^I'^'p = 1) ^p~ ^2'''p> ^p~ ^H^pi- • • ''"p" ^ ^r'^'pj '^ ^p~^Gi(Tp, 

§ 46. The functions <Pi, <p2i - • - 9p are of precisely the same 
form, and only differ in the order of arrangement of the X\S which 
enter into them. Such functions we have called (§ 3) similar or oj 
the same type. Accordingly the corresponding groups Gi, Gg, ... 
must also be similar or of the same type, that is they produce the 
same system of rearrangement of the elements X\ and only differ 
in the order in which the elements. are numbered. This is clear a 
priori, but we can also prove it from the manner of derivation of 
^r^Sa^i from Sa, and in fact we can show that not only the groups 
Gi, G2, . . ., but also the individual substitutions Sa and (^-^Sa^i are 
similar; that is, these two substitutions Jiave the same number of 
cyclesj each containing the same number of elements. The process 
of deriving the substitutions (rr^Sa'^i from the Sa's is called trans- 



formation^ The substitution (y^^Sa^, is called the conjugate of Sa, 
with respect to <r„ and similarly the group Gi is the conjugate of 
Gi with respect to <r,. We shall denote this latter relation frequently, 
as above, by the equation 

Gi=^ (Tf~ 6ri<y,-. 

To prove the similarity of Sa and (T~^Sa^i, let us suppose that 
(xi, X2, . , . Xa) is any one of the cycles of Sa and that (7, replaces 
Xi, X2, , , ,Xahj Xi^, 07,2, • • • ^'a> ^o that, in the notation A of § 22, 

<r may be written 
4 
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(Xi OC2 • • • •*/« I 



Then the factors of the substitution ^r^Saf^i will replace Xi^ success- 
iyely by ic,, a?2, Xi^\ similarly Xi^ will be replaced by Xi^^ Xf^ by ay^^, 
and finally a?,^ by Xf^. Accordingly ^t~^8a<^i contains the cycle 
(a;,j Xi^, . . Xi^, and this is obtained from the corresponding cycle 
(a;, a?2 . . . Xa) of «a by regarding this cycle, so to speak, as a function 
of the elements Xx and applying to it the substitution (t^. In the 
same way every cycle of <rr^8a^i proceeds from the corresponding 
V cycle of 8a. The two substitutions have therefore the same number 

of cycles, each containing the same number of elements, as was to 
be proved. 

Example: The function of four elements 

(Pl ^^ Xi X2 1 Xq x^ 

^|) ^^ has, as we have seen, three values, and its group G^ is of order 

-K^ = 8. The substitutions (t^ = {x2X^ and Tg = {x^x^^ which are not 
contained in Gi, convert (py into 

<f2 — X^ UJ3 "p X2 x^ , 

/y V ^3 ^= ^1 ^4 y^f^i. > 

respectively. By transposition with respect to (T2 and a^^ we obtain 
from 

(jTY = Ll->V'^1^2y> \*^3*^4/> (•^1*^2) V*^3»^4/> (•^1*^3) v'^2»*^4)) (*^1'^4) (*^2'^3)j (a;i^3*^2*^4) 
(^1^4^2^8)J> 

the two groups belonging respectively to <P2 and <p^ , 

[_1, yXyX^^ C*^2«^4)j \^V^V V**^2^4)) y^V^V V'^3*^4j> \S^V^^ (^2»*^3)> (^1^2*^3*^4)» 
V^l«^4*^3*^2 j J > . 

G^3 = ^3" ^I^^'S = 
J_l, \X\X^^ (.•^2*^3/J \^1*^4J V*^2*^3/? y^V^z) \«^2*^4/> K'^V^V \*^3*^4J> ('^l*^3«^4*^2/> 
\X-^^ipC^)y 

§ 47. Corollary I. If a group of 8uh8titution8 is trans- 
formed with respect to any substitution whatever, the transformed 
substitutions form a group. 

Corollary II. The two, generally different, substitutions 
SaSp and s^Sa are similar. For SaSp =sf^{spSa)sfi.. 
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Corollary III. The substitution SaS^s^r^ is conjugate to s^ 
vMh respect to s^T^, 

Corollary IV. If the substitution 8a is of order r and if s^ 
be such that its q^ and no lower power occurs among the powers of 
Sa, and if furthermore the conjugate of s^ vnth respect to Sais a 
power of S/3, then the smallest group containing Sa and s^ is of order 
Q • r- (c/- §§ 37, 38, Chapter II). 

Corollary V. All substitutions tvhich transform a given 
substitution s into its powers, s% form a group^ 

' Corollary VI. All substitutions which transform a given 
group into itself form a group. 

Corollary VII. If two substitutions, or two groups, are 
similar, substitutions can always be found which transform the one 
into the other. In the case of two substitutions the transforming 
substitution is found at once from § 46. In the case of groups, we 
have only to construct the corresponding functions and determine 
the substitution (t^ which converts the one into the other. 

Corollary VIII. Two powers s* and s^ of the same substi- 
tution are similar when, and only when, a and ^ have the same 
greatest common divisor with the order of s. 

§ 47. We turn now to a series of developments relating to the 
existence of certain special types of groups analogous to those of 
§ 39, Chapter 11. 

Given any group G of order g, let Hi of order h^ and K^ of order 
ki be subgroups of G, and let ^j and 4'\ be functions belonging to H^ 
and jBTi respectively. These functions, on being operated on by all 

the substitutions of G, take respectively j-= /loand-f- = A^o values 
in all (§ 43, Corollary) ; let these be denoted by 

<Pi, 92, ' " <Ph, and (f\, 4'^, . . . v''a^. 

The group of any one of the functions 4' a will be ^a= ^a~^Ki<Ta, 
where ^a is any substitution of 6r which converts (/'i into (/'a- 
We form now the entire system of values 

a n + ^ ^V ('i = 1, 2, . . . h^', fi = l,2, — ^o)i 
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where a and b are arbitrary parameters, and divide these ^ func- 
tions into classes, such that all the functions of each class proceed 
&om any one among them by the operations of G. 

If a<Px-^h(pa be one of the values above, and if we apply to it 
all the substitutions of G, the resulting values are not necessarily all 
distinct. In particular some of them may coincide with the given 
value. The number of the latter is equal to the number of substi- 
tutions common to Hi and Ka = ^aT^Ki^Tg,, Let this number be da- 
Then all the g values arising from a ^i + & 4' a will coincide in sets of 
da each, as is easily seen. The number of distinct values thus 

obtained is therefore -r- . 

da 

If these do not exhaust all the possible values a<Px-\-b v^v, let 
« ^<r + ^ ^ he any remaining value. Then in the same class with 
this belongs also 

From the latter value we can, as before, deduce a class contain- 
ing in this case;^ distinct values, where d^ is the number of substi- 
tutions common to H^ and K^ = fff ^K^ rr^ . 

2 

Proceeding in this way, we must finally exhaust all the val- 

ues of the functions a ^a + ^ ^V* Writing then the two numbers of 
values equal to each other, we have, after dividing through by g , 

^^ inr ~ TT +":r+ • • • ~^" :r'' 

n-iA?! Gfi eta d„ 

where m denotes the number of classes of values of a<Px-\-h 4'ijl with 
respect to the group G, Since hi is a multiple of every da> we may 

write — = /a, and consequently 

where the/'s are all integers. "* 

§ 49. From Theorem V of § 43 it follows as a special case that 
if a group contains a substitution of prime order p, the order r of 

♦Formulas -4.) and B) were obtained by G. Frobenlus, Orelle CI. p. 281, as an 
extension of a result given by the Author, Math. Annalen XII F. 



sequently there must be at least one f^ = -r- which is also not di- 

Clf 
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the group is a multiple of p, and if a group contains a subgroup of 
order p* where p is a prime number, the order of the group is a mul- 
tiple of p*. By the aid of the results of the preceding Section we 
can now also prove the converse proposition: 

Theorem IX. • if p°- he the highest power of the prime num- 
ber p which is a divisor of the order h of a gi*oup JET, then H con- 
tains subgroups of order p\ * 

In the demonstration we take for the O of the preceding Sec- 
tion the symmetric group, so that g=^n\. For H^ we take the pres- 
ent group JEf, and for K^ the group of order p^ of § 39, Chapter II, 
p^ being the highest power of p which is a divisor of w ! , The 
formula B) of § 48 then becomes 

n\ 

—f ^=^fl~Tf2 ~r • • • \fm- 

The left member of this equation is no longer divisible by p; oon- 

h, 

visible by p; that is dp is divisible by p% and therefore if -and Kp, 
the latter being a conjugate of K, have exactly p°^ substitutions in 
common, f These form the required subgroup of H. 

Corollary. At the same time it appears that the group K con- 
tains among its subgroups every type of groups of order py. For 
we need only take any group of order py for H in the above demon- 
stration, 

§ 50. The last theorem admits of the following extension: 

Theorem X. If the order h of a group H is divisible by 
pP, then H contains subgroups of order p^. 

The proof follows at once from Theorem XI, as soon as we have 
proved 

Theorem XI, Every group H of order p* contains a sub- 
group of order p°-~^. 

The corollary of the preceding Section permits us to limit the 

♦Cauchy, loc. cif., proved this theorem for the case a = 1. The extension to the 
case of any a was given by L. Sylow, Math. Annalen V, pp. 584-594. 

t Fop every subgroup of K, and consequently every subgroup of K^, has for its 
order a power of p. 
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proof to the case of groups of order p* which occur as subgroups in 
the group of § 39, Chapter 11. The group K = Kf there obtained 
was constructed by the aid of a series of subgroups (§ 40) 

1, ^1, JSTj, . . . Kxy -B^A + n •• • -^/-n 
of orders 

1, p\p\ ... p\p^+S ... p^-\ 

every one of which is contained in the following one. If the group H 
occurs in this series, the theorem is already proved; if not, then let 
JBTa+i be the lowest group which still contains H. K\ then does not 
contain all the substitutions of H. We apply now the formula B) 
of § 48 to the groups -^A+i, ^aj and if, taking these in the place of 
G, K, , and H. We find 

P=/i+/2+ . . . +/m. 

This equation has two solutions, since the/'s, being divisors of 
h = jp% are powers of p: either we must have /i =/2 = . . . = 1 and 
m =p, or else m = 1 and/i =p. In the former case it would follow 
that h = di, i. e., that if is a subgroup of ^a, which is contrary to 
hypothesis. Consequently /j = p, i, e. H and K^^ have a common sub- 
group of order p*~\ This is the required group. * 

To Theorem X we can now add the following 

Corollary. Every group of order p* • pi*i • pg*' • • • <^^'^ ^^ (^in- 
structed by the combination of subgroups, one of each of the orders 

A smaller number of subgroups is of course generally sufficient. 

A further extension of the theory in this direction is not to be 
anticipated. Thus, for example, the alternating group of four ele- 
ments, which is composed of the twelve substitutions 

1, (iCiaJ2) \X^X^)J {XiX^) (X^^), (X^X^) {X2Xq), 

(Xifl?2*^8/) \*^l*^2^4/> \«^l*^8'^4/> \*^2*^3*^4/> 
\pClOC2X2)j \p^l*^i*^2)9 \p^l*^^3)f \*^2*^4»^3J> 

has no subgroup of order 6. 

§ 51. We insert here another investigation based on the con- 
struction of tables as in § 41. 

Let jBTbe a group of order h affecting the n elements a^i , a^a, . . . «?«. 

♦G. Frobenius: Orelle 01. p. 383-4. 
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From these n elements we arbitrarily select any k, qb x^, x^^ * » ^Xj^y 
and let H' be the subgroup of H which contains all the substitu- 
tions of the latter that do not affect x^^ X2y , . .Xj,, Suppose h' 
to be the order of H\ and <, = 1 ^2> • • • ^fc' to be its several substitu- 
tions. We proceed then to tabulate the substitutions of H as fol- 
lows: 

Given any substitution Sa of if, suppose that this converts 
a?!, 0^2, . . . a?A, into Xg^^Xa,^, , , Xaj,, in the order as written. Then all 
the substitutions 

8a • ^2^oi 's^aj • • • *'h' ^a 

also convert i»i, 0^2, ... Xj^ intoa?ai, Xa^, , , . Xa^ respectively, and these 
are the only substitutions of H which have this effect. - We take 
these various sets of h substitutions for the lines of our table, which 
is accordingly of the form 

-1-) *2> ^3> • • • ^V ) 

82 , ^2^2 ) - ^3^2 J • • • W»' ^2 » 
-*■ ) ^3 ) ^2^3 > *8^3 ) • • • f *' ^8 ) 



8 IX , '2^/x J f 3^/x ) • • • ^h'^fA.' 

The substitutions of the table are obviously all different, and conse- 
quently m/^' =^i. 

Again, suppose that v^ is any substitution of H which contains 
among its cycles one of order k, say 

(1) «>i = (x^x^s . . . Xk), 
Then all the (necessarily distinct) substitutions 

(2) Vi, t^Vi, t^Vi, .. .h'Vi 

will contain the same cycle (1) and these will be the only substitu- 
tions of H which contain this cycle. We wish now to determine how 
many substitutions of H contain either the cycle (1) or any cycle 
obtainable from (1) by transformation with respect to the substitu- 
tions of H, say 

\^a) ^tt "~ [XaiXa^Xa^ . . . iPa;t/* 

Now since all the substitutions of the same line of T) convert 
the elements of the cycle (1) into one and the same system of ele 
ments, it follows that if we write 
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ScT^ViSa = Va (a = 1, 2, . . . ;j), 

where each Sa is the same as that of the table T), then all the conju- 
gates of the cycle (1) which occur in the substitutions of H are con- 
tained mVi,V2,^,.Vft,, Suppose the notation so chosen that w^ is 
contained in Va- If now we denote the substitutions of H which do 
not affect Xa^,Xou,, . , , Xa^^ i. e. those of the group SgT^H'sa^Ha by 

1 f (a) f (a) / ' (a) 

and by right hand multiplication by Va form the line 

(3) ' Va, U'^^Va, t^^'^^Va, ... h'Va, 

then (3) contains all the substitutions of H which involve the cycle 
(Oa. The fj. lines of the following table 

V2, tPv2, 4^X, ... h'^^'^V^, 

therefore contain all the required substitutions. 

The question then arises, how many of the lines of Tq) give the 
same cycle; for example, in how many lines the cycle (1) occurs. If 
this cycle occurs in Vr = 8r~\8r, then St must permute the elements 
Xi,X2, . . .Xj, cyclically, and must therefore contain a power of (1) 
as a cycle. Consequently we must have &r ©qual to one of the sub- 
stitutions Vi, Vi^,Vi% . . . Vj*"^ or one of these multiplied by some ty. 
But the substitutions Vi, v^^ , , ,v^~^ belong to different lines of the 
table Tq), It appears therefore that the ai lines of T^ coincide in 
sets of k each. We have then 

Theorem XIT« Every individual cycle of order k which 
occurs in (2), and consequently every one which occurs in JET, gives 
rise by transformation with respect to all the h substitutions of JET, 

to y cycles. The h' distinct conjugate cycles of order k which occur 
k 

in H therefai^e give rise to — = — cycles. The number of letters oc- 
curring in these cycles is therefore equal to h, the order of H. From 
this it follows that the number of letters in all the cycles of order k 
is a multiple of the order of H, The multiplier is the number of 
sets of non-conjugate cycles of order k. 
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Corollary. The number of elements which refnain un- 
changed in the several substitutions of H is a multiple of the order 
of H, If every element can be replaced by every other one by the 
substitutions of H, this number is exactly equal to the order of H.* 

Example. Consider the alternating groups of four elements, 

(Xi) {X^} (X^^) \X^)^ (^1^2) (^8^4)? \»^1*^8/ (^2^4)5 Kp^l^i) (^2^3/> 
\Xi) \X2X^X^)^ \p^2) yp^V^^i)^ \P^V (•^l'^2**'4)> (•^4), V'^1^2^3)> 

\X\) yX^X^X^)^ \*^2) \p^V^4p^V^ V^V V«^l«^4*^2Jj \p^i) V^l^3*^2/* 

Here the number of cycles with one element is 12, which is 
equal to the order of the group. The number of elements which 
occur in cycles of the second order is also 12. But, for A; = 3, the 
number of elements is 24 = 2 . 12. Correspondingly it is readily 
shown that the group permits of replacing any element by any 
other one; that the cycles of order 2 are all conjugate; but that 
the cycles of order 3 divide into two sets of four each: 

\XiX2X^j^ \XiX2,x^j^ yx-yX^x^)^ yx^^x^j^ 

\XiX2pC2)^ yXiX^X^J^ \X\X^^J^ ^i3?2«^3*^4/> 

the second set being non-conjugate with the first. 

§ 52. We return now to the table constructed in § 45. This 
table did not possess the last of the four properties noted in § 41 ; the 
substitutions of one line were not necessarily all different from those 
of the other lines. For every group certainly contains the identical 
substitution 1, which therefore occurs p times; and again in the 
example of § 46 three other substitutions 

occur in each of the three groups. We have now to determine in 
general when it is possible that one and the same substitution shall 
occur in all the groups Oi,G2, . , . Gp belonging respectively to the 
several values s^i, s^2? * - '9pOf <p. We shall find that the example 
just cited is a remarkable exception, in that there is in general no 
substitution except 1 which leaves all the values of a function un- 
changed, f 

 In conDection with this Section C/. Frobenius, Crelle CI. p. 273, followed by an 
article by the Author, iMd. OIII p. 321. 

t L. Kronecker : Monatsberlchte d. Berl. Akad. 1679, 208. 
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If we apply to the series of functions s^i , ^2> • • . S^p aiiy arbitrary 
substitution <t, we obtain 

^<r) S^agO"? V 0-3 cry • • • ^<rpcr* 

These values must coincide, apart from the order of succession, with 
the former set, for ^1, ^2> • • • 9p are all the possible values of ^, and 
the p values just obtained are all different from one another. The 
groups which belong to the latter 

<r"^6riT, (J'^O^ff, (T~^0^(T, , , . (T~^Op(r 

are therefore also, apart from the order of succession, identical with 
Gi, G2, O^, , . . Gp, that is, the system of the G^a, regarded as a whole^ 
is unaltered by transformation with respect to any substitution 
whatever. If now we denote by H the group composed of those 
substitutions which are common to G^i , (?2> • • • Gp, then If is also the 
group of those substitutions which are common to (t^^Gi^, <T~^G2(^f 
. . . fT~^Gp(!, But the latter group is also of course expressed by 
(T~^HfT', consequently we have 

that is, the group H is unaltered by transformation with respect ta 
any substitution; it includes therefore all the substitutions which 
are similar to any one contained in it. 

We proceed now to examine the nature of a group H of this, 
character. We consider in particular those substitutions of H 
which affect the least number of elements, the identicEil substitution 
excepted. It is clear that these can contain only cycles of the same 
number of elements, since otherwise some of their powers would 
contain fewer elements, without being identically 1. 

We prove with regard to these substitutions, first that no one of 
their cycles can contain more than three elements. For if H con- 
tains, for example, the substitution 

and if we take (t = (oc^x^), then, since (t~^H(t = H, the substitution 

will also occur in if. Now Si only differs from s in the order of the* 
two elements x^ and x^. Consequently their product, which must 
also occur in if, since if is a group, 
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o • ©1 ^^ \p^i) ypCivC^ • • . ) • • • 

will certainly not affect the element a;,, but cannot be the identical 
substitution, because it contains at least the cycle {xiX^ . . . ). This 
product therefore affects fewer elements than Si which is contrary to 
hypothesis. 

Secondly we prove that, if n > 4, the substitution of H which 
affects the least number of elements cannot contain more than one 
cycle. For otherwise H would contain substitutions of the form ^ 

and therefore the corresponding conjugate substitutions with respect 

to T = (XiX^) 

Consequently the corresponding products 

which are not 1, but affect fewer elements than a, must also occur in 
if, which would again be contrary to hypothesis. 

If then n > 4, either H consists of the identical substitution 1, 
or H contains a substitution {Xfj^Xy), or a substitution {x^XyX^. In 
the second case H must contain all the transpositions, that is H is 
the symmetric group. In the third case H must contain all the cir- 
cular substitutions of the third order, that is H is the alternating 
group. (C/. §§ 34-35). 

Eeturning froih the group H to the group 6r, it appears that if 
Gi, G2, . . . 6rp have any substitution, except 1, common to all,- then 

 

either the second or the third case occurs. H^ which is contained in 
G, includes in either case the alternating group; O is therefore 
either the alternating or the symmetric group, and /> = 2, or /> = 1. 
If, however, n = 4 we might have, beside s^ = 1, another substi- 
tution 

in the group. With this its conjugates, of which there are only two, 

must also occur. The group H cannot contain any further substitu- 
tion without becoming either the alternating or the symmetric group. 
We have then the exceptional group 
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and this actually does transform into itself with respect to every sub- 
stitution. Eetuming to the group G it follows from § 43, Theorem 
II, that the order of G is a multiple of that of -ff, that is, a multiple 
of 4; again from Theorem II the order of G must be a divisor of 
41 = 24. The choice is therefore restricted to the numbers 4, 8, 12, 
and 24. The last two numbers lead to the general case already dis- 
cussed where />=2, ^or 1. The first gives G = H,p = 6, and for 
example, 

^1 = {XiX2 + x^Xi) — (x^x^ + x^x^), <P2 = (a?ia72 + x^Xi) — {x^Xi + x^x^) . 
<Pq — - \XiX^ -[- x^^) — \XiX^ -j- a?2*^8)) 9^4 ^~~ \XiX^ -j- X2X^) \X\X2 ~r x^x^) 

^5 = (XiX^ -f X2X^i) (X1X2 + X^X^), ^6 = {XiXi + X2Xs) {XiXq + XiX^) . 

In the second case, r = 8, G contains H as a subgroup. To obtain 
G we must add other substitutions to those of H. None of these 
can be cyclical of the third order, for in this case we should have 
r = 12 or 24. If we select any other substitution, we obtain the 
group of § 46, which is included among those treated in § 39. For 
this group /o = 3, and, for example, 

Yi -— X1X2 ~7" X^X^ , v'2 ""■ XiXq -j- X<pj^ , ^'3 = XyJC^ "7" J?2*^3 • 

Theorem Xi, // w ^ 4 there is no function^ except the al- 
ternating and symmetrie functions, of which all the p values are 
unchanged by the same substitution {excluding the case of the identi- 
cal substitution), Ifn=:4:, all the values of any function belong 
ing to the same group with 

<p = (x^X2 + x^x^ — (x<fic^ + x^^ or with <p = X1X2 + x^x^ 

are unchanged by the substitutions of the group 

£1 := [_i, (i^i3?2J \X2^X^)^ yXiX^j V»^2«^4J> \XlXi) V'^2*^3/J' 



§ 53. We have thus far examined the connection between the 
values of a ^-valued function from the point of view of the theory of 
substitutions. We turn now to the consideration of the algebraic 
relations of these values. 

We saw at the beginning of the preceding Section that the sys- 
tem of values ^1, ^2> • • . S^p belonging to a function (p is unchanged 
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as a whole by the application of any substitution, only the order of 
succession of the several values being altered. All integral symmet- 
ric function^ of <p-i, 92^ * - * 9n ar© therefore unchanged by any substi- 
tution, and are consequently symmetric not only in the s^'s but- also 
in the x^b. They can therefore be expressed as rational integral 
functions of the elementary symmetric functions Ca of the x^s. If 
we write then 

S i^i) = ^1 + ^2 + . . • + 9^p = i^i (ci, C2, . . . c„), . 

S (V^i CTs) =9l<P2 + 9\fz+ '" = -R2 («1 , C*2 , . . . C„), 

S(S^1^2 . . . S^p) == <fl(P2<fs . . . S^p = Rp(Ci,C2, . . .C„), 

the i^'s are the coefficients of an algebraic equation of which 
V'lj ^2? • • • V'p are the roots. 

Theorem ^^dl. The p values <Pi,<P2i - - - 9p of a p-valued 
integral rational function <p are the roots of an equation of degree /> 

ip9—R,<pP-^-^R,<p9-''— ...±Rp = 

the coefficients of which are rational integral functions of the ele- 
mentary symmetric functions c, , C2 , . . . c„ of the elements Xi,X2, ,. , x„, 

§ 54. As an example wo determine the equation of which^ the 
three roots are 

(Pl ^^^ X1X2 ~p X^X^ , ^2 "~ '^ I'^'s ~T~ X^X^ , ^3 -— - X^X^ ~\~ XoXq , 

where Xi,X2,Xs, x^ are themselves the roots of the equation 

J \X) — X C-^X ~p~ C2X "~ C^X ~j~ Ca — U. 

We find at once 

f 1 + f 2 + U = S (a^iOJa) = C2; 
and again, by § 10, Chapter I, 

<Pi<p2 + S^2^8 + n'fi = S (xi^x^^) = ac^ + iZGiCs + yc^. 
The numerical coefficients a, /?, x are readily found from special ex- 
amples. They are « = — 4, /5 = 1, ^^ = 0. Hence 

9\9i + ^2^3 + f 8^1 -= C1C3 — 4 C4 . 
Finally 

Accordingly the required equation is 
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f{<p) — 9^— ^2 v' + (ciCs — ^c^H> — {ci% — 4c2C^ + Cg') = 0. 

We examine the discriminaiit of this equation, i. e., of its three 
roots. To determine this fanction it is not necessary to employ the 
the general formula obtained in § 10, Chapter L We have at once 

fa — 9^3 = (a?i — i»2) (aJs — a^i), 

<Pz—<Pl- (i»l — ^%) {^2 — a^O, 

and consequently, if we denote the discriminant of the s^'s by J^ 
and that of the x^s by J, 

^^= (V*! — f 2)^ (f 2 — 9^3)^(^8—^1)''' 

=^ (iC| X2I \X\ X^,} \Xi X^J (3?2 •^s) \p^2 •^4/ V*^ *^i) -— ^' 

We observe here therefore that the discriminant of an equation 
of the fourth degree can also be represented in the form of the dis- 
criminant of an equation of the third degree. A more important 
consideration is that the special theorem here obtained can be gen> 
eralized in another direction, to which we next turn our attention. 

§ 55 We start out from the table of § 41. If '(p is not single- 
valued, the first line of this table, i. e., the group Gi belonging to <pi 
does hot contain all the transpositions. If a transposition (XaX^) 
occurs in the second line, it results from the construction of the 
table that (XaXp) converts ^1 into <f>2- If therefore ira=^^»then 
^j = ^2 also, and consequently <pi — <p2, since it vanishes for Xa = xp, 
is divisible by Xa — x^. 

If, then, any transposition (XaXp) does not occur in the group G 
of (pi , one of the differences <pi — (px (>^ = 2, 3, . . . />) is divisible by 
a factor of the form Xa — xp. 

Now there are in all g. — - transpositions of n elements. If the 
first line of the table, i. e., G^j, contains exactly ^of these, then the 

other lines contain ^ g. The product (^1 — 92) {'^\ — S^s) . • • 

(fi — ^p) is therefore divisible by ^ — - — Q different factors of 

the form Xa — xp, and therefore by their product. 

Instead of starting out with the value <fi , we might equally well 
have taken ^2' Since the group G2 = ^2~^^i'''2 belonging to <f2 = 9 9^ 
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is similar to the group Gi , it also contains q transpositions, and the 
product (^a — ^i) (^2 — 9i) . . . {92 — 9p) is also divisible by ^ q 

factors of the form Xa — Xp . The same reasoning holds if we start 

with 9i,9i* - .<pp' If we multiply the separate products together, ! 

we find that 

^^=(— 1) 2 // \{9\—9i){<P\—n)"'{9\—9x~i){9\—<P\+i) 

'"{9k—<Pp)} 
is divisible by the product of p\ -^^-^ — - — q factors Xa — Xp, But 

since J^ is symmetric in the X\8, the presence of a factor a^a — Xp 
requires that of every other factor Xy — x^, and consequently of 

^= IJ (Xa^ — x^Yj the discriminant of f{x). Suppose that J' is 

the highest power of J which is contained as a factor in J^, then, as 
J contains n{n — 1) factors Xa — x^, and consequently zl' contains 
n{n — l)t such factors, we must have 



n 



in-l)t>,[^^-,l 



t>^ e/' 



= 2 w(w— !)■ 

The number t jcan be only when q = — ^ -, that is, when all 

the transpositions occur in Grj. ^ is then symmetric and/r>=l. 
Again q can be only when O contains no transposition. One of 
the cases in which this occurs is that where G is the alternating: 
group or one of its subgroups. 

Theorem ^tLl» *If <p is fj-valued function of the n elements 
Xi,X2, . . . x„, the group of which contains q transpositions, the dis- 
criminant ^(j, of the p values of <p is divisible by 

If <pis not symmetric, the exponent of ^ is not zero. If the group 
of <p is contained in the alternating group, q is zero. 

All multiple-valu£d functions therefore have some of their values 
coincident if two of the elements Xx become equal. 
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Wg perceive now why it was impossible (§ 32) to obtain n!-valued 
functions when any of the elements a?A were equal {Cf, also § 104); 
§ 56. Eeturning now to the equation (§ 53) of which the roots ^ 

are ^,,^^1, . . •V'p, 

we endeavor to determine whether and under what circumstances 
this equation can become binomial, L e., whether there are any 
/>-valued functions whose p^^ powers are symmetric. For /> = 2, we 

already know that cr = \/ J satisfies this condition. In treating the 
general case we will assume that, if the required function <p contains 

any factors of the forra V ^ , these factors are all removed at the 
outset. If the resulting quotient is 4'y so that 

then, since <p^p and (V^)^^ are both symmetric, (p^f^ is symmetric 
also. We write then 

If <l'i be any root of this equation, and if «> be a primitive (2/>)^^ root 
of unity, then all the roots are 

and consequently 

From Theorem XIII this discriminant must be divisible by J, unless 
^f is itself symmetric. But the factors containing </> are constant 
and therefore not divisible by J, and by supposition 4'\ does not con- 
tain V -^ as a factor. Consequently 4'\ is symmetric, and we have, 
according as « is odd or even. 

Theorem XdLV. If the n elements Xi^X2^ ... x„are inde- 
pendent, the only unsymmetric functions of which a power can he 
symmetric are the alternating functions. 

§ 57. On account of the importance of this last proposition we 
add in the present and following Sections other proofs based on 
entirely different grounds. • 
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If o> is a primitive p^^ root of unity, and if ^i is ^ny root of the 
eqnatipn 

then all the roots of this equation are 

Since the co's are constants, all the values of ^ have the same group. 

From Theorem XI, this must be, for n ^ 4, either the symmetric or 

the alternating group, or the identical operation 1. The first two 
cases give /» = 1 or 2. In the last case p = n\. All the values of a 
function are of the same type, and consequently there are substitu- 
tions which transform one into another.. Suppose, in the case 
/? = n! , that <t converts the value ^i into (P2 = <^9iy then t^ converta 
<Pi into (o^ <Pi . Accordingly the series 

1, <r, <r^, . . . <r"'"^ 

consists of distinct substitutions, which therefore include all the nl 
possible substitutions. <r must therefore be a substitution of degree 
n and order n! . Such a substitution does not exist if n > 2. 

The case n = 4 furnishes no exception. In this case the group- 
common to all the values of <p might be the special group (Theorem 

xni) 

G = |_1, \X1X2) {po^x^jj (XiX^) {x^x^)^ yp^v^i) \^2*^i)\ 5 

<P would then be a six-valued function, and there must be a substi- 
tution (T which converts <pi into (o^^ and which is of order 6. But 
there is no such substitution in the case of four elements. 

§ 58. Finally we give a proof which is based on the most ele- 
mentary considerations and which moreover leads to an important 
extension of the theorem under discussion. 

In the first place we may limit ourselves to the case where /» is a 
prime number. For, if p=p-q, where p is a prime number, it 
follows from 

that there is also a function ^^of which a prime power, the p^, is 
symmetric. 

If, accordingly, we denote by f a function of which a prime 
power, the p^, is symmetric while ^ itself is unsymmetric, then, 
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since the groap of <p cannofc contain all the transpositions (§ 34), 
suppose that <t = (07^07/5) converts fp^ into f^^, where sp<r=fs^i. Since 

it follows that 

where w is a primitive p^^ root of unity. If we apply the substitu- 
tion <T again to the last equation, remembering that <r = 1 and that 
consequently <Pv^'.= <Pi , we obtain the new equation 

Multiplying these two equations together and dividing by ^, tp^ , we 

have 

^2 = 1, 

and consequently, since p is a prime number, p =; 2 and (p = S s/ J^ 
Having shown that only the alternating functions have the prop- 
erty that their prime powers can be symmetric, we may next exam- 
ine whether there are any functions prime powers of which can be 
two-valued. 

Suppose that 4' is multiple- valued, while its ^^ power is two- val- 
ued, q being prime. Then there is some circular substitution of 
the third order (t = (XaX^Xy)^ which does not occur in the group of (/', 
since, if this group contains all the substitutions of this form, it 
must be the alternating group '(§ 35). Suppose, then, that ^^'<r=r^''n 
but that 

since 0^, being a two- valued function, is unaltered by a circular sub- 
stitution of the third order. We must therefore have 

where oj is not 1 and must therefore be a primitive q^^ root of unity. 
If ^ye apply to this last equation the substitutions <t and <r', and 
Temember that (^ = 1, and that consequently v'v^ = <f'i ? we obtain 

Multiplying these three equations together and removing the func- 
tional values, we have 



w 



3 



= 1, 9= 3. 
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If now we assume n > 4, then the group of 4' cannot contain all 
the circular substitutions of the fifth order, (TJieorem X, Chapter 
II). If T is one of those not occurring in the group of ^, then 
v''T=r^'n but 

and consequently, if <i> be a g"* root of unity different from 1, 

It follows from this, precisely as above, that, since t" = 1, 

and consequently tt>^ = 1, ^ = 5. 

But this is inconsistent with the first result. It follows there- 
fore that n is not greater than 4. 

Theorem XVII. If n > 4, there is no mulfiple-valued 
function a power of which is tivo-valued, if the elements x are 
independent quantities. 

§ 59. We conclude these investigations by examining for w.^4 
. the possibility of the existence of functions having the property dis- 
cussed above. 

The case n = 2 requires no consideration. In the case n = 3 we 
undertake a systematic determination of the possible functions of 
the required kind. We begin with the type 

9x = o.x{ + ^.Xi' -t- rx{, 

and attempt to determine a, /5, y so as to satisfy the required condi- 
tions. For this purpose we make use of the circumstance that some 
<r = {XxX^-^ converts <p^ into ^^j (w^ = 1) so that 

The last three equations can be consistently satisfied for every value 
of a. We may take a = 1 ; and therefore 

K i»:a function of the required type. . . 

This result is confirmed by actual calculation. We find 
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3 



If r = 1 the restQt becomes simpler, in that the last parenthesis 
becomes equal to 

V^ = (^1—^2) (i»2— a^a) (xi—x^)', 
whereas, in general, this parenthesis is only a rational function of 
V ^ . If we write, as usual, 

Xi -p 372 "T" i^3~-Ci ) X1X2 ] •^2*^3 "T" X^pCi ^^— C2 , X\X^^ ~~ ^3 ) 

we have, for r = 1, 



s^^ = i 1 2c,'*— 9c,C2 + 27 C3 i- 3 V — 3 J (. 

Suppose now that n = 4. 

It is obvious that a function of the type ax{ + /Jajg*' + yx^ + dx{^ 
in which every term contains only one element, cannot satisfy the 
condition of being multiplied by lo when operated on by <j" = {xiXyX^, 

We enquire then whether the required function can be of the 
type 

<Pi = o-x{x<^ + ?x^x{ + r^{x{ + Xl'(a^X{ + ^^X{ + r\X{\ 

where every term contains two of the four elements. If this type 
should also fail to satisfy the requirements we should have to pro- 
ceed to more complicated forms. We shall, however, obtain a posi- 
tive result in the present case, and in fact we may take r = 1, so that 

From the condition <pa=^9^ii we have the series of equations 

y =. way ^ =z (oy = (o^a, a = (ojS = w^y = w^a := a, 

All of these equations are satisfied independently of the values of a 
and a,, and we have 

^j = a{XiX2 + ^^X<^^ + wX^Xi) + (ii(XiX4, + w^X^i + (ttX^X^. 

But again, the substitution r = {x^x^^ converts ^] into v't? where 
f r is equal to the product of ^1 by some cube root of unity, since 
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9\ = 9t* Whether this cube root is 1, w, or w^ cannot be deter- 
mined beforehand. We find 

<p^ = aa?2^4 + a^iii^X^Xi + a^XiX2 + xMoaX2 + ttt^ax^ + 0}a^xX 

and since the terms of <pi and ^r which contain XiX^ are 

a^XiXi and aiio^iCia?^,, 

the cabe root of unity by which ^i is multiplied must therefore be 
o)^. From the equation ^r = ^^9i it follows, by comparison of coef- 
ficients that 

"These two equations are consistent, since (o^ = 1. Putting a = 1, and 
arranging according to the powers of w, we have then 

^1 = (ajjCCa + x^x^) + io{xiXs + x^Xi) + (o\xiXi + x^x^). 

The function ^^ is therefore a combination of the three values of 
a function which we have already discussed. The group of ^i is 

Cr = Li, (iCiiC2J \XqX^)j [XiXq) {X2X^)^ C*^!*^*) (•^2*^3/ J« 

That ^1^ is two- valued is also readily shown, if we write 

For then ^1 coincides with the expression obtained above iot the 
C€tse n = 3; and since J^u 2/29 ^s) &^6 the roots of the equation 

y' — C2f+ (C1C3 — 4C4) y — (Ci'c^ — 4C2C4 + Cg'O = 0, 

where the c's are the coefficients of the equation of which the roots 
0?!, o^g, a?3, a?4, (§ 54), we can translate the expression obtained for 
n = 3 directly into a two- valued function of the four elements 
a?!, iCg, a^a, 0^4, since we have (§ 54) Jy= J^:. 
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TKANSITIVITY AND PRIMITIVITY. SIMPLE AND COMPOUND 

GROUPS. ISOMORPHISM. " 

§ 60. The two familiar functions /^^f • '^'b t'^^ 

/y /y I />• /y» /y» /y» /y /y* 

12 1 •*'3**'4j «*^i**'2 **'3**'4 

differ from each other in the important particular that the group 
belonging to the former 

Or = |_i, \3C\X2)^ \»^3«^4/J \p^V^2) V*^3*^4Jj \*^1«^3/ \*^2*^4J> \«^1*^4/ \»^2»^o/> 

contains substitutions which replace x^ by a?2, a^g, or 0^4, while in the 
group belonging to the latter 

Grj = 1^1, {XiX^jj \X:fiC^)^ (^1^2) C*^3^4)j 

there is no substitution present which replaces x^ by 073 or x^. The 
general principle of which this is a particular instance is the basis 
of jyi important classification. We designate a group as transitive, 
if its substitutions permit us to replace any selected element Xi by 
every other element. Otherwise the group is intransitive. Thus G, 
above, is transitive, while G, is intransitive. 

It follows directly from this definition that the substitutions of 
a transitive group permit of replacing every element Xi by every 
element 0?^. For a transitive group contains some substitution 
s = (xiXi. ..)... which replaces Xi by a?,-, and also some substitu- 
tion t= (xiXk ...)... which replaces Xi by x^;. Consequently the 
product s~^t, which also occurs in the group, replaces Xf by Xk, 

The same designations, transitive and intransitive, are applied to 
functions as to their corresponding groups. 

It appears at once that the elements of an intransitive group 
are distributed in systems of transitively connected elements. For 
example, in the group Gi above Xi and a?^, and again, 073 and Xi, are 
transitively connected. Suppose that in a given intransitive group 
there are contained substitutions which connect o^i , 0^2 , . . . a?^ transi- 
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tively, others which connect a?„+i, aj„+2> • • • ^«+6> and so on, but 
none which, for instance, replace x^ hyXa+K (^=1)> and so on. The 

» 

maximum possible number of substitutions within the several sys- 
tems is a! , 61, . , . , and consequently the maximum number in. the 
given group, if a, 6, . . . are known, is al 6! . . . If only the sum 
a + 6 + . . . = 71 is known, the maximum number of substitutions in 
an intransitive group of degree n is determined by the following 
equations: 

(w— l)ll! = -l^(n— 2)!2! >(n— 2)! 2!, (n>3) 

{n—2)\ 2\=^-^{n—Z)\ 3! > (ii— 3)! 3!, (w > 5). 
Theorem !• The maximum orders of intransitive groups 

m 

of degree n are 

(n— 1)!, ^(w— 1)!, (n— 2)! 2!,(w— 2)!, (n— 3)l3l, (n— 3)!2!, . . . 

The first two orders here given correspond to the symmetric and 
the alternating groups of (n — 1) elements, so that in these cases one 
element is unaffected. The third corresponds to the combination 
of the symmetric group of (n — 2) elements with that of the re- 
maining two elements. The fourth belongs either to the combina- 
tion of the alternating group of {n — 2) with the symmetric group 
of the remaining two, or to the symmetric group of {n — 2) ele- 
ments alone, the other two elements remaining unchanged; and so 
on. 

The construction of intransitive, from transitive groups will be 
treated later, (§ 99). 

§ 61. We proceed now to arrange the substitutions of a transi- 
tive group in a table. The first line of the table is to contain all 
those substitutions 

which leave the element x^ unchanged, each substitution occurring 
only once. From the definition of transitivity, there is in the given 
group a substitution ^r^ which replaces x^ by x^. For the second line 
of the table we take 
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We show then, 1) that all the substitutions of this line replace x^ by 
cca; for every 8k leaves x^ unchanged and (Tj converts Xi into X2; 2) 
that all the substibutions which produce this effect are contained in 
this line; for if t replaces x^ by X2, Ttr^^^ leaves Xi unchanged and is 
therefore contained among the Sa's; but from t(T2~^:^8\ it follows 
that T = 8\(T2; 3) that all the substitutions of the line are distinct; 
for if 8a*^2 = 5^<'■2» we obtain by right hand multiplication by ^j-g^S 
Sa == Sp; 4) that the substitutions of the second line are all different 
from those of the first; for the latter leave Xi unchanged, while the 
former do not. 

« 

We select now any substitution ^r^ which converts a^j into x^ and 
form for the third line of the table 

^3, S2'T3, 83^3 . . . 8m^^. 

The substitutions of this line may then be shown to possess proper- 
ties similar to those of the second. We continue in this way until 
all the substitutions of the group are arranged in n lines of m sub- 
stitutions each. We have then 

Theorem !!• If the number of substitutions of a transi- 
tive group, which leave any element x^ unchanged, is m, the order r 
of the group is mn, i, e,, always a multiple of n. 

The following extension of this theorem is readily obtained: 

Corollary. If Xa, x^^Xc, , , . are any arbitrary elements of 
the group O, and if m is the order of the subgroup of G which 
does not affect these elements, then the order of G is mn', where n' is 
the number of distinct systems of elements Xa,xp,Xy,,., by which 
the substitutions of G can replace Xa,Xi,,Xc, . . . 

§ 62. A group is said to be k-fold transitive when its substitu- 
tions permit of replacing k given elements by any k arbitrary ones. 
It can be readily shown that any k arbitrary elements can then be 
replaced by any k others. The definition includes the case where 
any number of the k elements remain unchanged. A A;- fold transi- 
tive group must contain one or more substitutions involving any 
arbitrarily chosen cycle of the k^^ or any lower order. Thus in a 
four-fold transitive group there must be substitutions which leave 
Xi and X2 unchanged but interchange 073 and x^, and which are there- 
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fore of the farm (xi) {x^ {x^^x^ . . . The same group must also 
<30iitaiii a substitution which leaves Xi<, X2, x^, x^ all unchanged; this 
may of course be the identical substitution. 

For an example of a three- fold transitive group we may take the 
•alternating group of 5 elements. If, for instance, we require a sub- 
stitution which leaves X2 unchanged and replaces Xi and x^ by x^ and 
a?3 respectively, the circular substitution S = (xiXs^x^) satisfies these 
<5onditions, and, being equivalent to the two transpositions (x^Xr^ {<XiXq), 
belongs to the alternating group. This same alternating group can- 
not however, be four-fold transitive, for it must then contain a sub- 
stitution which converts ccj, a?2, x^, X4, into cCi, i»2, i»3, x^ respectively; 
this could only be the transposition (XiX^), and this cannot occur in 
the alternating group. 

In general, we can show that the alternating group of n ele- 
ments is always {n — 2)- fold transitive. The requirement that any 
(w — 2) elements shall be replaced by {n — 2) others may take any 
•one of three forms. In the first place it may be required that 
(w — 2) given elements shall be replaced by the same elements in a 
different order, so that* two elements are not involved. Secondly, 
the requirement may involve (w — 1) elements, or, thirdly, all the n 
■elements. 

In the first case suppose that ^ is a substitution which satisfies 
the conditions, and let r be the transposition of the two remaining 
elements. Then (tt also satisfies the conditions, and one of the two 
substitutions <t, (t-v belongs to the alternating group. 

If (w — 1) elements are involved, suppose that the remaining 
element is a?„, so that neither the element which replaces a?„ nor that 
which Xn replaces is assigned. The elements which are to replace 
iCi, 0^2, . . . a?„_i are all known with the exception of one. Suppose 
that it is not known which element replaces a?„_i. Then from the 
^elements a;i, a?2, . . .i»«_i we can construct one substitution which 
satisfies the requirements, say <t =( ... a?„ a7„ _i aj^ ...).. . , and from 
lihe n elements a second one, only distinguished from the first in the 
fact that 07^-1 is followed by ic„, thus r = (. . . £c„iz;„_iaj„a?6 . . .) 
= (T . (iCjOJ^). Then either *(t or t belongs to the alternating group. 

Finally, if all the n elements are involved, there are two elements 
for which the substituted elements are not assigned. Suppose these 
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to be o^M.i and x^. If now the elements are arranged in cycles in 
the usual manner, there will be two cycles which are not closed, the 
one ending with a;«_i, the other with x^. We can then construct 
two substitutions t and r which satisfy the requirements, the one 
being obtained by simply closing the two incomplete cycles, the other 
by uniting the latter in a single parenthesis. From Chapter II, 
Theorem XI, it then follows that either «t or r belongs to the alterna- 
ting group. 

The alternating group of n elements is therefore at least (n — 2)- 
fold transitive. It cannot be (n — l)-fold transitive, since it contains- 
no substitution which leaves x^^x^^ . . . x„_2 unchanged, and con- 
verts x„_i into a7„. 

§ 63. If G is EL Ar-fold transitive group, the subgroup G' of ^ 
which does not affect Xi will be (A; — 1) -fold transitive; the subgroup- 
G^" of 6r' which does not affect X2 will be (A: — 2)-fold transitive, 
and so on. Finally the subgroup (t(*~^> which does not affect 
Xi, X2, . . . Xjg_i will be simply transitive. Applying Theorem II 
successively to G^^~^\ . . . G", G', G, we obtain 

Theorem III, The order r of a k-fold transitive group is 
equal to n{n — 1) (n — 2) . . . (n — k-\-l)m, where m is the order of 
any subgroup which leaves k elements unchanged. 

§ 64. A simply transitive group is called non-primitive when 
its elements can be divided into systems, each including the same 
number, such that every substitution of the group replaces all the 
elements of any system either by the elements of the same system 
or by those of another system. The substitutions of the group can 
therefore be effected by first interchanging the several systems as 
units, and then interchanging the elements within each separate sys- 
tem. 

A simply transitive group which does not possess this property 
is called primitive. 

For example, the groups 

CTi = LI, (aJia?2), {X^pC^}^ (^1^2) (p^V^i)^ (^1^3) \p^2^i)j (^1^4) (^2^8/5 

[XiXjpc^^j^ yXiX^x^^j ^ , 

Cr2 = ^ 1, \^v^2*^2}j V'^4*^5«^6/J l,*^7«^8*^9/> \XlX^X^2'^^^^1X2pC^X^) J 
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are both non-primitive. Oi has two systems of elements, Xi , X2 and 
Xq, Xi', G2 has three systems, a?,, X2, x^, x^, 0^5, Xq, and Xt, Xg, Xq, 

The powft'THnf ft ( ^iTfin lftr Rii bstJtution of prime order form a 
primitive group, e, g, Gg = [1, {xyXc^^^^ {xiX^x^']. 

le powers of a circolar s ubstitution of composite order 
form a non-primitiga- gr o up . If the degree of the substitution is 
n =Pi*i Pa"' 'Pz^ • • • J where Pi, P2> Ps^ • • • are the different prime 
factors of w, the corresponding systems of elements can be selected 
in [(«i + 1) (fla + 1) («8 + 1) • • • — 2] different ways, as ia readily seen. 
For example, in the case of the group 

0*4 = |_1, {X-^X2X^X^X^X^)j \XiX^X^) \X<j;^4pC^)^ Kp^V^i) (s.«^2*^5/ V*^3»*^6/> 

\X-\X^Xij [X^f^X^jj \XyX^^X^X^X2) \f 

we may take either two systems of three elements each, a?! , a?2 , x^ and 
^2)^4>^6) or three systems of two elements each, Xx^x^, ^29^59 
anci x^ , Xq • 

A theorem applies here, the proof which may be omitted on y^, ^ 
account of its obvious character: 

Theorem IV, If, for a non-primitive group, the division 
of the elements into systems is possible in two different ways such 
that one division is not merely a subdivision of the other, then a 
third mode of division can also be obtained by combining into a 
new system the elements common to a system of the first division 
and one of the second. 

It must be observed that a single element is not to be regarded 
as a "system" in the present sense. Thus the group Gi above 
admits of only two kinds of systems. 

§ 65. The elements of a non-primitive group O can be ar- 
ranged in a table, as follows. The fb'st line contains all and only 
those substitutions 

^1 -— J-) ^2 , §8 , . . . St„ 

which leave the several systems unchanged as units, and which 
accordingly only interchange the elements within the systems. (The 
line will of course vary with the particular distribution of the ele- 
ments in systems.) 

From the definition of transitivity, (for the names "primitive" 
and "non-primitive" apply only to simply transitive groups), there 
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must be in the given group a substitution ff^, which converts any ele- 
ment Xa of one system into an element Xi, of another system, and 
which* consequently interchanges the several systems in a certain 
way. For the second line of the table we take 

We show then, 1) that all the substitutions of this line produce the 
same rearrangement of the order of the systems as (t^; for every Sa 
leaves this order unchanged; 2) that all substitutions which produce 
the same rearrangement of the systems as (T2 are contained in this 
line; for if r is one of these, then t(T2~^ = 8\, so that t = 5x<''2; 3) 
that all the substitutions of the second line are different from one 
another; and 4) that they are all different from those of the first 
line. 

If there is then still another substitution (t^ which produces a 
new arrangement of the systems, this gives rise to a third line which 
possesses similar properties, and so on. 

Theorem V. If a non-primitive group G contains a sub- 
group Gi of order m which does not interchange the several systems 
of elements, the order r of G is equal to mq, where q is a divisor of 
fjL\, /J. being the number of systems. 

§ 66. If we denote the several systems, regarded, so to speak, 
as being themselves elements, by Aj, Ag, . . . A^, then all the substi- 
tutions of any one line of the table above, and only these, produce 
the same rearrangement of the Aj , Ag, . . . A^^. To every line of the 
table corresponds therefore a substitution of the A's, the first line, 
for example, corresponding to the identical substitution, etc. These 
new substitutions we denote by §1 = 1, §2) • • • ^g- It is readily seen 
that they form a new group @. For the successive application of 
§a and §|3 to the elements A produces the same rearrangement of 
these elements as if the corresponding ^a and <t^ were successively 
applied to the elements x. Accordingly, since <fa^^=- ffy, we have 
also §a§^ = §y> where §Y corresponds to the line of the table above 
which contains ffy. The system of §'s therefore possesses the char- 
acteristic property of a group. 

We perceive here a peculiar relation between the two groups G 
and @. To every substitution s of the former corresponds one sub- 
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stitution § of the latter, and again to every § of @ corresponds either 
one substitution, or a certain constant number of substitutions a of G, 
And this correspondence is moreover of such a nature that to the 
product of any two s's corresponds the product of the two corres- 
ponding §'s. 

If to every § there corresponds only one s, then there is only one 
substitution, identity, in ® which leaves the order of the systems A 
unchanged. The two following groups may serve as an example of 
this type. Suppose that 

^ ^^ L-*^' y^V^V \p^%*^i) \«^6«^6/> yp^V^z) \p^2^Q} Kp^i'^h)^ \J^V^4p^%) (^2**^5*^3)> 
\XiX^) {X^^f [X^pC^jj {XiX^X^j (^a?2*^3*^5}J' 

Here the systems Aj, A2, and A^ are composed respectively of x^ 
and a?2, x^ and x^^ and x^^ and 075. The corresponding substitutions 
of the -A's form the group 

@ = [1, (A2A3), {A,A,\ {A,A,A,\ {A,A,\ {A,A,A,y\. 

§ 67. We examine more closely the subgroup 

Ctj = \Si , ^2 , 83 , . . . 8fn\ 

of the group 6r of § 65. Since Oi cannot replace any element of 
one system by an element of another system, it follows that Gi is 
intransitive. Any arbitrary substitution t oi G transforms Gi into 
i-^Git = G\, The latter is also a subgroup of G; it is similar to Gi*, 
and it evidently does not interchange the systems of G, It follows 
that G\ = G, . 

Suppose that any system of a non-primitive group consists of the 
elements x\y x\^ x\^, , , The subgroup G^ therefore permutes the 
elements cc' among themselves. We proceed to examine whether 
these elements are transitively connected with one another by the 
group 6ri, or whether this is the case only when substitutions of G 
are added which interchange the systems of elements. Suppose 
tbat cc'i, aj'a, . . . aj'aj and again a?'a+i, . . . ^'/3» etc., are transitively 
connected by G^* Then G contains a substitution of the form 
t'=L(x\x' a^\ ...)•••» ^^^ since t~^G^t^=- G^^ it follows that t re- 
places all the elements x'l, x\^ ^ , ,x\ by a:^a+i . . . ic'/j* ^^irther 
consideration then shows that x\y x\^ , . , x! ^ form a system of non- 
primitivity. 
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Accordingly if the systems of non-primitivity are chosen at the 
outset as smiall as possible, then the group Oi connects all the ele- 
ments of every system transitively. 

Assuming the systems to be thus chosen, we direct our attention 
to those cycles of the several substitutions of Gj which interchange 
the elements a;'i, ar'g, . . . of any one system of non-primitivity. 
These form a transitive group IT'. Similarly the components of the 
several substitutions of G^ which interchange the elements a;/"\ x^°^, . . 
of any second system form a group -&(*). The groups H\ H", . . . 
are similar, for if t = (x\xi^'^K ..)... is a substitution of G, then 
the transformation t~~^Git=Gi will convert H' into ffH The order 

of jff' is a multiple of — and a divisor of — ! , where ii is the number 

of systems of non-primitivity. 

§ 68. The following easily demonstrated theorems in regard to 
to primitive and non-primitive groups may be added here: 

Theorem VI. . If f rain the elements Xi,X2, ... x„ of a tran- 
sitive group G any system x\, x'2, . . . can be selected such that 
every substitution of G which replaces any x\ by an x'^ permutes 
the x'^s only am,ong themselves^ then G is a non-primitive group. 

Theorem VII. If from the elements x^, X2, . . .x„ of a 
transitive group G two systems x\^ x\^ ... and x'\^x'\^ . . . can be 
selected such that any substitution which replaces any element x'a 
by an x"p replaces all the x'^s by x'^^s, then G is a non-primitive 
group. 

Theorem VIII. Every primitive group G contains substi- 
tutions which replace an element x* o.qf any given system x\, x'2, . . . 
by an element of the same system^ and which at the same time replace 
any second element of the system by some element not belonging to 
the system, * 

§ 69. The preceding discussion has led us to two general prop- 
erties of groups which, together with transitivity and primitivity, 
are of fundamental importance. 

' In § 67 the subgroup G^ of G^. possessed the property of being 
xeprodaced by transformation with respect to every substitution t of 

♦Rudio: Ueber primitive Gruppen. CrelleCI.p. l. 
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G, SO that for every t we have t~^Git=Gi, We may conveniently 
indicate this property of Gi by the equation 

G-'G,G=G, or G,G=GGi, 

It is to be observed however that this notation must be cautiously 
employed. For example, if Gi is any subgroup of G, we have 
always Gi~^GGi = G, and from this equation would apparently fol- 
low GGi = GiG, and consequently (tj = G~^ Gi G. But this last 
equation holds only for a special type of subgroup Gi . The reason 
for this apparent inconsistency lies in the fact, that in the equation 
G~^ GiG=Gi the two G^s represent the same substitution and the 
two 6ri's in general different substitutions, while in the equation 
Gf^ GGi = G the reverse is the case. 

We introduce here the following definitions. 

1) Two substitutions s^ and 82 are commutative * if 

12 ~~ ^2^1 • 

2) A substitution s^ and a group H are commutative if 

SiH = HSi, 

3) Two groups H and G are commutative if 

HG=GH. 

The last equation is to be understood as indicating that the product 
of any substitution of H into any substitution of G is equal to the 
product of some substitution of G into some substitution of H^ so 
that, if the substitutions of G are denoted by s and those of H by /, 
then 

for every a and [^. 

Under 2) s^ may be a substitution of H\ for s^ and H are then 
always commutative. Under 8) a case of special importance is that, 
an instance of which we have just considered, for which H is a sub- 
group of G, In this case Sa and sg of the equation Sat^ = tyS^ are 
always to be taken equal. 

A subgroup H of any group G, for which G~^HG = H, is called 
a self-conjugate subgroup of G. 

•German: " vertauschbar"; French: **6cbaugeal>le'\ retained as "interchangeable " 
by Bolza: Aittef. Jour. Math. XIII, p. 11. 
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The following may serve as examples: 

1) The sabstitntions «i = (XiX^^) {x^pc^x^^ 82 = {x^x^ {x^x^) {x^^ 
are commatative; for their product is (xiXf^x^XiX2XQ)j independently 
of the order of the factors. 

Every power s* of any substitution 8 is commutative with every 
other power 8^ of the same substitution. 

Two substitutions which have no common element are commuta- 
tive. 

2) The group H = [1, (x^x^) (x^x^), (x^x^) {x2Xi\ (XiXt) (XiX^y] is 
commutative with every substitution of the four elements a?i , a?2 , 

The alternating group of n elements is commutative with every 
substitution of the same elements. 

3) The group H of 2), being commutative with the symmetric 
group of the four elements oji, a?2, ajajic^, is a self -conjugate sub- 
group of the latter. 

The alternating group of n elements is a self -conjugate sub- 
group of the corresponding symmetric group. 

Every group G of order r, which is not contained in the alterna- 
ting group A, contains as a self- conjugate subgroup the group H of 
order ^ composed of those substitutions of G which are contained 
in A (Theorem VIII, Chapter II). 

The identical substitution is, by itself, a self -conjugate sub- 
group of every group. 

§ 70. We may employ the principle of commutativity to further 
the solution of the proble^i of the construction of groups begun in 
Chapter II (§§ 33-40). 

All 8ub8titution8 of n element8 which are commutative ivith any 
given 8ubstitution of the 8am^ element8, form a group. 

For if fi, ^2 • . . are commutative with s, it follows from 

1 o^i — o, ^2 SX^ — ~ o, 

that 

{t{t^-^8{t^t^ = 8, 

so that the product t^t^ also occurs among the substitutions t 

All 8ub8titution8 of n element8 which are commutative with a 
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given group O of the same elements form a group which contains G 
as a self-conjugate subgroup. 

For from 

t,-'Ot, = Gy tr'Gt^ = G, 
follows 

(t,t,)-'G{t,t,)^G', 

* 

and among the f s are included all the substitutions of G. 

If two commutative groups G and H have no substitution^ ep^^^ept 

the identical substitution, in common, then the order of the smallest 

group 

K=\G,H\ 

is equal to the product of the orders of G and H. 

§ 71. If a group G of ord^r 2r contains a subgroup H of 
of order r, then H is a self-conjugate subgroup of G. 

For if the substitutions of H are denoted by 1, ^, S3, ... s^, and 
if t is any substitution of 6c which is not contained in H, then 
t, ts2, f^a, . . . tSr are the remaining r substitutions of G. But in tho 
same way, t, Sjf, s^t, . , ,Srt are also these remaining substitutions. 
Consequently every substitution Sat is equal to some tsp, that is, wr 
have in every case t~^8fit = Sa, and therefore G~^HG = H, 

If a group G contains a self-conjugate subgroup H and any 
other subgroup K, then the greatest subgroup L com/mon to H amxi 
K is a self-conjugate subgroup of K. If the orders of G, H, K, L 

are respectively g, h, k, Z, then -^ is a multiple of — . 

For if s is any substitution of K, then s~^L s ia contained in K, 
since all the separate factors s~^, L, s are contained in K, But 
s~^Ls is also contained in H, for Zr is a subgroup of H and 
s~^IIs = H. Consequently s~^Ls is contained in L, and, as these 
two groups have the same number of substitutions, we must have 
s~^Ls = L, and L is a self- conjugate subgroup of K, 

The relation between the orders of the four groups follows at 
once from the formula of Frobenius (§ 48). We have only to take 
for the K of this formula the present group H, and to put all the 

dj , da? • • • ^m equal to I We have then ^ = -r- 
6 
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A self-conjugate subgroup of a transitive group either affects 
every element of the latter, or else it consists of the identical substi- 
tution alone. 

For if H= G~^HG is a self- conjugate subgroup of the transi- 
tive group G, and if H does not affect the element x^ , then, since G 
contains a substitution S\ which replaces x^ by Xx, it would follow 
that sx~^Hs\ = H would also not affect X\, that is, that If would 
not affect any element. 

If a self-conjugate subgroup of a transitive group G is intransi- 
tive, then G is non-primitive and H only interchanges the elements 
tvithin the several systems of non-primitivity. 

For suppose that Xi and Xx. belong to two different systems of 
intransitivity with respect to H, Then G contains a substitution S\ 
which replaces Xi by Xx, and since Sx~^Hsx = H, it follows that 
Sx~^Hsx must replace. o^A only by elements transitively connected 
with Xx with respect to H. But Sx~^ replaces Xx by x^ and H re- 
places Xi by every element of the same system of intransitivity with 
Xi . Consequently the remaining factor Sx must replace every ele- 
ment of the system containing x^ by an element of the system con- 
taining Xx. The systems of intransitivity of H are therefore the 
systems of non-primifcivity of 6r. 

§ 72. Another important property is that of the correspond- 
ence of two groups, of which an instance has already been met 
with in § 66. The two groups G and ® of this Section were so 
related that to every substitution s oi G corresponded one substitu- 
tion § of ®, and to every § corresponded a certain number of s's. 
The correspondence was moreover such that to the product of^any 
two s's corresponded the product of two corresponding §'s. 

. We may consider at once the more general type of correspond- 
ence,* where to every substitution of either group correspond a 
certain number of substitutions of the other, and to every pro- 
I duct SaSp corresponds every product §a§^ of corresponding §'s and 
vice versa. We may then readily show that to every substitution of 
the one group correspond the same number of substitutions of the 
other. For if to 1 of the group G correspond 1. §2 » §3 » . . . §g of (S, 

* A. Capelli : Battagliui Gior. 1878, p. 32 seq. 
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then, if § corresponds to s, all the substitutions §, §§2? §^3, . • . ^^q 
correspond to s, by definition. Conversely, if any substitution §' 
corresponds to s, then §~^§' corresponds tos~*s = l, and therefore 
§"*§' is contained in the series 1, §2» ^3» • • . §2- Consequently the 
series §, §§2? ^2^3, . . . §§^ contains all the substitutions of ® which cor- 
respond to s, and the number q is constant for every s. Similarly 
to every § correspond the same number p of the substitutions s. 

It is evident at once that 

the avbstitutions of G (®) which correspond to the identical substi- 
tution of @ (6r) form a group H (§) which is a self- conjugate sub- 
group of G (@). 

The correspondence of two groups as just defined is called iso- 
morphism. If to every substitution of G correspond q substitutions 
of ®, and to every substitution of ® p substitutions of 6r, then G 
and ® are said to be {p-q)'fold isomorphic^ or if p and q are not 
specified, manifold isomorphic. If p = ^ = 1, the groups are said 
to be simply isomorphic, * 

Examples. 

I. The groups 

It = [^1, \X1X2) \X2pC^) [OC^X^jj [XiX^j \X'^^) \«^4«^6/> K'^v^i) \P^2'^b) 1*^3*^5/? 

{XiXr^X^J (^3?2*^3»^4/> \p^l*^^^b) V*^2'^4*^3)J) 
■^ ^= L-'-J V 1^2)? V^ns)? C^2^3)> (^1^2'»3)j (^1^3"' 2) J 

are simply isomorphic, the substitutions corresponding in the order 
as written. For if any two substitutions of G, and the corres- 
pondinjg substitutions of /', are multiplied together, the resulting 
products again occupy the same positions in their respective groups. 

II. The groups 

G = [1, ix,x,)l r= [1, (,-„^) ($3?,), (c„'3) (,-,,-J, (f.c,) (.Vs)] 

are (1-2) -fold isomorphic. Corresponding to 1 of G we may take, 
beside 1, any other arbitrary substitution of /'. It follows that F is 
simply isomorphic with itself in different ways. 

• f '/. Camille Jordan: Traits etc., § 07-74, where the namt-s " liolordric " and 'nierl- 
edric" isomorpbism are employed. These have been retained by Holza: Amer.Jour, 
Vol. XIII. The "simply, manifold, (p-Q)-fold isomorphic " above rei)reseut the "ein- 
stuflg, mehrstuflg, (p-9)-stuflg isomorph " of the Oerman edition. 
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III. The groups 

G = [1, (aJiXg) (xgiT^), {x^x^ {X'iX^, {x^x^ {x<^^\ 
r= [1, (^,.^^), (^,^3^2), (^1^2), (^1^3), (^2^3)] 
are(2-3)-fold isomorphic. To the substitution 1 of 6? correspond 
1, i^AQ, {^A^2) of r, and conversely to 1 of T correspond 
1, (iCjOJa) (x^Xi) of O. 

§ 73. If G and F are (m-n)-fold isoniorphiCj then their orders 
are in the ratio of m:n. 

If Lis a self-conjugate subgroup of G, and if A is the corres- 
ponding subgroup of T, then A is a self-conjugate subgroup of F. 

For from G~^LG = L follows at once F-^AF= A, In the case 
of (p-l)-fold isomorphism, it may however happen that the group 
A consists of the identical substitution alone. 

§ 74. Haying now discussed the more elementary properties of 
groups in reference to transitivity, primitivity, commutativity, and 
isomorphism, we turn next to certain more elaborate investigations 
devoted to the same subjects. 

The m substitutions of a transitive group G which do not affect 
the element Xi form a subgroup Gi of G. Similarly the substitutions 
of G which do not affect X2 from a second subgroup 6?2, and so on 
to the subgroup G« which does not affect x^. All these subgroups 
are similar; for if (Ta is any substitution of G which replaces Xi by 
Xaj we have (^a~^Gi<Ta=G2, The groups (?« are therefore all of 
order m. 

If now we denote by [q] the number of those substitutions of Gi 
which affect exactly^ elements but leave the remaining (n — 5 — 1) 
unchanged, then [g] is also the corresponding number for each 
of the other groups 6r2, Grg, . . . (?«. It follows then from the mean- 
ing of the symbol [g] that 

m=ln-l] + ln-2] + . . . +[g]+ . . . +[2] + [0], 

where the symbol [1] does not of course occur, and [0] = 1. 
G^i, 6r2, . . . (t„ therefore possess together n\n — 1] substitutions 
which affect exactly (n — 1) elements. These are all different, for 
any substitution which leaves only Xa unchanged occurs in Ga, but 
cannot also occur in Gp, But this is not the case with substitutions 
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which affect exactly (n — 2) elements; for if any one of these leaves 
both Xa and Xp unchanged, it will occur in both Ga and Gp. Accord- 
ingly every one of these n[n — 2] substitutions is counted twice, 
and G therefore contains in[n — 2] substitutions which affect 
exactly (w — 2) elements. Similarly every one of the n\_q] substitu- 
tions of q elements which occur in G^i, 6r2, . . . G« is counted (n — q) 

n 
times, and there are therefore only [q] different substitutions 

in G which affect exactly q elements. We have then for the total 
number of substitutions in (?, which affect less than n elements 

f[«-l] + |-['^-2]+...+;^M+...+^[0]. 

If this number is subtracted from that of all the substitutions in 6r, 
the remainder gives the number of substitutions in G which affect 
exactly n elements. But from Theorem II 

r = mn = n[n — 1] -|- n[n — 2] + . . . + w[g] + • • • + w[0], 

and consequently the required difference N is 

«(|[«-2]+|[«-3]+ . . • + ^7l~^ M + . • . +^ra)- 

No term in the parenthesis is negative. The last one is equal to 

^ since [0] = 1. Consequently N>_(n — 1). 
n "~ 

Theorem IX, Every transitive gromp contains at least 
^Yi — 1) substitutions which affect all the n elements. If there are 
mare than (n — 1) of these, then the group also contains substitu- 
tions which affect less than (n — 1) elements. * 

Corollary. A k-fold transitive group contains substitutions 
which affect exactly n elements, and others which affect exactly 
(n — 1), (n — 2), . . . (n — A; + l) elements. 

Those substitutions which affect exactly k elements we shall call 
substitutions of the^ hP^ class. We have just demonstrated the 
existence of substitutions of the n***, or highest class. 

If we consider a non-primitive group G, there is (§ 66) a second 
group ® isomorphic with G, the substitutions of which interchange 

•C. Jordan: Liouville Jour. (2), XVII, p 351. 
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the elements Ai, A2, . , . A^ exactly as the corresponding substitu- 
tions of G interchange the several systems of non-primitivity. 
Since G is transitive, @ is also transitive. From Theorem IX fol- 
lows therefore 

Theorem X, Every non-primitive group G contains substi- 
tutions which interchange all the systems of non-primitivity. 

§ 75. We construct within the transitive group G the subgroup 
H of lowest order, which contains all the substitutions of the high- 
est class in G, and prove that this group H is also transitive. 

H is evidently a self-conjugate subgroup of G. If H were 
intransitive, G must then be non-primitive (Theorem YI). If this 
is the case, let @ be the group of § 66 which affects the systems 
Ai, A2, . » , A^ regarded as elements. @ is transitive. To substitu- 
tions of the highest class in @ correspond substitutions of the high- 
est class in G. (The converse is not necessarily true). Suppose that 
^ is the subgroup of the lowest order which contains all the substi- 
tutions of the highest class in @. To $ then corresponds either Hot 
a subgroup of H. If $ is transitive in the -A's, H is transitive in the 
a?'s. The question therefore reduces to the consideration of the 
groups & and ^. ^ can be intransitive only if @ is non-primitive 
and G accordingly contains more comprehensive systems of non- 
primitivity. If this were the case, we should again start out in the 
same way from @ and $, and continue until we arrive at a primitive 
group. The proof is then complete. 

Theorem XI. In every transitive group the substitutions of 
the highest class form by themselves a transitive system, 

§ 76. Suppose a second transitive group G' to have all its sub- 
stitutions of the highest class in common with G of the preceding 
Section. If then we construct the subgroup H' for G', correspond- 
ing to the subgroup H of G, we have H^ = H, 

Moreover the number j^i of the substitutions of the highest class 
in JH'is 

n(|[n-21 + |[n-3]. + ..+ "7l~H g].+ .. +^[0]).), 

where [g]i has the same relation to H as [g] to G. But the number 
-^1 is, as we have just seen equal to the -^ of § 74. Consequently 
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«H([«-2]-[n-2].) + f ([n-3]-[n-3]0+ . . . 

Bat, since H is entirely contained in (?, it follows that [5]=[^]i> 
and therefore the left hand member of the equation above can bnly 
vanish if each parenthesis is 0. Consequently O and & can only 
differ in respect to substitutions of the (n — 1)**^ class. 

Theorem XII. If ttoo transitive groups have all their sub- 
stitutions of the highest class in common, they can only differ in 
those substitutions which Uave only one element unchanged. 

§ 77. Let G be any transitive group and Oi, O2, . . . On those 
subgroups of G which do not affect Xi,X2, , . ,Xn respectively. 
These groups are, as we have seen, all similar. If now Oi , and con- 
sequently Gzy . , . Gn, are fc-fold transitive, then G is at least (A; + 1)- 
f old transitive. For if it be required that the (A: 4- 1) elements 
a?!, iCj, . . . ajfe+i shall be replaced hj Xi^, Xi^, . . . Xij^^^ respectively, we 
can find in G some substitution s which replaces Xi,X2jXfi, . . .x^+i 
by ar^,i»Aa,a?ft3,. . .aj^i^^j, where o?^, oJaj, ... may be any elements 
whatever. Again Gi^ contains some substitution t which replaces 
a?^, ajftg, . . . by Xf^,Xi^, , , , Consequently the substitution sf of 
G satisfies the requirement. 

From this follows the more general 

Theorem XIII. If a group G is at least k-fold transi- 
tivBy and if the subgroup of G which leaves k given elements un- 
changed is still h'fold transitive, then G is at least {k-\-h)-fold tran- 
sitive,* 

§ 78. Suppose that those substitutions of a A;-fold transitive 
group G, which, excluding the identical substitution, affect the 
smallest number of elements, are of the q^^ class, i, e., that they 
affect exactly q elements. The question arises whether there is any 
connection between the numbers k and q. 

In the first place suppose k^q, and let one of the substitu- 
tions of the g*^ class contained in 6r be « = {X1X2 ...)...(... a?g _ 1 x^). 
Then, on account of its A;- fold transitivity, G also contains a substitu- 

*G. Frobenius: Ueber die Congruenz nach einem aus zwei endlicben Gruppen geb- 
ildeten Doppelmodul. Crelle CI. p. 290. 
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tion <r, which replacesoji, 072,... aj^-nsc, by a?i, Xav^^-iji^ic (*>^)> 
and which is therefore of the form 

(T = (aji) (aJa) . . . (ajj. i) (x^^ . . . ). 
We have then 

(rr-V)8-* = l{XiX2 ...)...(... a:,_ia;«)]s-* = (x^^^x^x^), 

and since this substitution afPects only 3 elements, it follows that 

Secondly, suppose k<q. The substitutions of the g*** class may 
then be of either of the forms 

82 = (iCia72 ...),* .{^. ,, Xit,_i) y^k ...)...(.... Xg). 

In the first case we take 

'^i = (a?i) (Xi) . . . {xt,_i) (xj^^ . . ,) {k + 1) £ z < g, 
and in the second 

^2 = (a^i) (^^2) . . . i^'k-i) {XkXx . . . ) >i > g. 

It is evident that both are possible, if in the latter case it is 
remembered that n>q. We obtain then 

(T^-%(Ti = {XjX2. ..)...'{.. .Xf,_iX^. . .), 
(Tq 82(^2 ^^ (^1^2 •••)•..(•.• Xje^i) {X\ . . . ), 

and if we form now {^i~\(fi)8{~^, the first (A: — 2) elements are 
removed, and there remain, at the most, q-\-(,q — k) — (k — 2) 
= 2q — 2A? + 2. Similarly, if we form (<r2~^S2'^2)«2~\ the first (fc + 1) 
elements are removed, and there remain, at the most, q-\-{q — k-\-l) 
— (A; — l)=:2g — 2k-}' 2, By hypothesis, this number cannot be 
less than q. Consequently 

g>2A:— 2. 

Theorem XIV. If a k-fold transitive group contains any 
substitution, except the identical substitution, which affects less 
than (2k — 2) elements, it contains also substitutions which affect at 
the most only three elements. 

This theorem gives a positive result only if A; > 2. In this case, 
by anticipating the conclusions of the next Section, we can add the 
following • 
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Corollary. If a kfold transitive group A:>2 contains sub- 
stitutions, different from identity, which affect not more than 
(2k — 2) etements, it is either the alternating or the symmetric group. 

We may now combine this result with the corollary of Theorem 
IX. If G is A;- fold transitive, it contains substitutions of the class 
(n — A; + l). Accordingly q^{n — k-^l). If G is neither the 
alternating nor the symmetric group, q>{2k — 2).. Consequently 

(n— A:+l) > (2A;— 2) and A;<^?4^. 

o 

Theorem XV. If a group of degree n is neither tJie alter- 
nating nor the symmetric group, it is, at the most, 1-^ + 1 f-fold tran- 
sitive. 

That the upper limit of transitivity here assigned may actually 
occur is demonstrated by the five-fold transitive group of twelve 
elements discovered by Matthieu, 

\X — i yOCOCitXy^Ju^t {l}u^SC^Ouf^tXy■J), {OuX^Ou^JC-j i \OC-iO0^DC^O0qJ, 

(yiX) (XiXq) (X3X^)\X^X^), yy^Vv (^1^3/ (^4^7/ \*^5^6)> 
(2/32/2) (^1^5) i^z^-) {XaX^\ (2/4^3) {^i^z) (^4^5) (pc^^i) \ • 

§ 79. Theorem XVI. If a kfold transitive group (fc > 1 ) 
contains a circular substitution of three elements, it contains the 
alternating group, 

. Suppose that s = (iCjiTa^a) occurs in the given group G. Then, 
since G is at least two -fold transitive, it must contain a substitution 
(T = (xo) (xiX^x^ ...)... and consequently also 

r = <T "" 's^ = (x^X^X^), T~^ST = (XiXoX^). 

In the same way it appears that G contains 

\p(yiX2X^), [XlXr^Qj, . . . 

Consequently (§ 85) G contains the alternating group. 

Theorem XVII. If a kfold transitive group {k> \) con- 
tains a transposition, the group is symmetric. 

The proof is exactly analogous to the preceding. 

For simply transitive groups the l^st two theorems hgld only 
6ft 
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under certain limitations, as appear from the following instances 

Oi = [1, (X^X^), (X^t), (XiX^) (x^i), (x^Xs) {x^i)y (x^x^) {x^s), 
yXiX^^^jj [XiX^XfX^Jjj 

(t2 = ^ J.J \«^l*^2*^8/> V«^4*^6*^6)) '•^7*^8*^9/> \XlX^X^^i^X'JXjfiC^XQ) J . 

Both of these are transitive. But the former contains a substi- 
tution of two elements, without being symmetric, and the latter a 
substitution of three elements without being the alternating group. 

§ 80. An explanation of this exception in the case of simply 
transitive groups is obtained from the following considerations. 

If we arbitrarily select two or more substitutions of n elements, 
it is to be regarded as extremely probable that the group of lowest 
order which contains these is the symmetric group, or at least the 
alternating group. In the case of two substitutions the probability 
in favor of the symmetric group may be taken as about |, and in 
favor of the alternating, but not symmetric, group as about 4* 
In order that any given substitutions may generate a group which 
is only a part of the n\ possible substitutions, very special relations 
are necessary, and it is highly improbable that arbitrarily chosen 

substitutions «^ = I ^ ^^ 'J" I should satisfy these conditions. The 

exception most likely to occur would be that all the given substitu- 
tions were severaUy equivalent to an even number of transposi- 
tions and would consequently generate the alternating group. 

In general, therefore, we must regard every transitive group 
which is neither symmetric nor alternating, and every intransitive 
group which is not made up of symmetric or alternating parts, as de- 
cidedly exceptional And we shall expect to find in such cases 
special relations among the substitutions of the group, of such a 
nature as to limit the number of their distinct combinations. 

Such relations occur in the case of the two groups cited above. 
Both of them belong to the groups which we have designated as 
non-primitive. In O^ the elements Xi , x^ form one system, and 
0^, 0^4 another; it is therefore impossible that G^ should include, for 
example, the transposition (0^1073). In G2 there are three systems of 
non-primitivity x^^x^^x^y x^^x^^x^y and Xi^x^^x^^y Gj^ therefore 
cannot contain the substitution {x^x^pC'!), 
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It is, ihen, evidently of importance to examiue the influence of 
primitivity on the character of *a transitive group, and we turn our 
attention now in this direction. 

§ 81. With the last two theorems belongs naturally 

Theorem XVIII. If a primitive group contains either of 
the two substitutions 

it contains iri the former case the alternating, in the latter the sym- 
metric group. 

The proofs in the two cases are of the same character. We ^ve 
only that for the latter case. 

From Theorem VIII, the given group must contain a substitu- 
tion which leaves Xi unchanged and replaces 072 by a new element 

073, or which leaves X2 unchanged and replaces Xi by a new element 
0^3, or which replaces x^ by X2 or X2 by Xi and the latter element in 
either case by a new element Xq, If then we transform r with 
respect to this substitution, we obtain a transposition r' connecting 
either a?, or X2 with x^ , for example t' = (xiX^), The presence of t 
and r' in the group shows that the latter must contain the symmet- 
ric group of the three elements 071,072? ^3* From Theorem VIII 
there must also be in the given group a second substitution which 
replaces one of these three elements by either itself or a second one 
among them, and which also replaces one of them by a new element 

074. Suppose this substitution to be, for instance, 

8 — I . . . 07207j ... 07307^ ...)... 

We obtain then 

T = S ^072078 j S ^^^ yp^v^i/y 

and it follows that the given group contains the symmetric group of 
the four elements 07i, 073, 073, 074; and so on. 

§ 82. We can generalize the last theorem as follows: 

Theorem XIX. If a primitive group G mth the elements 
07i , 072 . . . 07„ contains a primitive subgroup H of degree k<in, then 
O contains a series of primitive subgroups similar to H, 

•"IJ -"25 -"3) • • • J^n — k-\- 
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such that every H). affects the elements x,,Xi,...Xt-,,Xl..^.|,_„ 
where x,, x^, . . . Xi_, may be selected arbitrarily. 

We take if , = if and tranetorm H with respect to all the subati- 
' " 8 of G into ifi , H\ , H", , . . . Now let H\ be that one of the 
ormed groaps which conneota the k elements x,, x^, . .. xl of 
ith other elements, bnt with the smallest nnmber of these, 
aintain that this smallest namber is one. For if several new 
ats $,, ?!,... occnrred in H\, then from Theorem VIII there 
be in the primitive grotip H', a substitution which replaces 
by another f and at the same time replaces a second f by one 
1 elements x,,Xj, ...Xi. Suppose that 

, i = {,^^^...,^ar,. ..)... 

1 a substitution, the case where ;3 — / being included. Then 
tH,t~^ will still contain ^y but will not contain ?„. if",, there- 
antains fewer new elements ^ than if',. Consequently il if'i 
iperly chosen, it will contain only one now element, say Xt+i 
(therefore not contain some one of the elements of H,, say t.. 
alect then from if, a substitution « ^ { . . . a;„,r(. ...)... and 
,he group W"'if',M = ifj. This group contains 

x,,x^. . . Xi_j,Xt^,, 

it Xf In the same way we can form a group H^ which affects 
?,, X,. . .Xi_„ a:j+2, and so on. 

remains to be shown that ic,, x^, . . . a^j.-i can bo taken arbitra- 
hat is, that the assumption H = H, is always allowable. Sup- 
hat if, contains a;, ,aTi,. . .Xt^„. Then in the series if,, if;,... 
18 a group if„ which also contains Ht^^'^, . Proceeding from 
d the elements Xi,x,i,. , , Xt_a.\.i, we construct a series of 
s, as before, arriving finally at the group H. 

13. Theorem XX. if a primitive group G of degree n 
ns a primitive subgroup H of degree k then G is at least 
-\-l)-fold transitive. 

om the preceding theorem if, affects the elements 3^,, x^, . . . Xt; 

%\ the elements x,,X2,...Xt,Xn.i; )i/,, Hj, ifjf the ele- 

x,,x,j, . . .Xi.,Xt+,,Xi.+2'f *tid so on. All these groups are 
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transitive; consequently, from Theorem XIII, |Hi, JBTg^ is two -fold 
transitive, {H^^H^, H^} three-fold transitive, and finally 

is at least (n — A: + 1) -fold transitive. Therefore G, which includes 
r, is also at least (n — A?+ l)-fold transitive. * 

Corollary I. If a primitive group of degree n contains a 
circular substitution of the prime order jp, the group is at least 
(n — p-\-l)'f old transitive. , o.^^ 

For the powers of the circular substitution form a group H of 
degree p. 

Corollary II. If a transitive group of degree n contains a 
circular substitution of prime order p < -^, then, if the group 
does not contain the alternating group, it is non-primitive. 

From Theorem XV, every group which is more than i -^ -[- 1 I- 

fold transitive is either alternating or symmetric. And since the 

presence of a circular substitution of a prime order p in a primitive 

group would require the latter to be at least {n — p + l)-fold tran- 

2n 
sitive, it would follow, if p < -q-, that the group would be more than 

o 



a+o- 



fold transitive and must therefore be either alternating or 



symmetric. As these alternatives are excluded, the group must be 
non-primitive. 

§ 84. In the proof of Theorem XIX the primitivity of the 
group H was only employed to demonstrate the presence of substi- 
tutions which contained two successions of elements of a certain 
kind The presence of such substitutions would also evidently be 
assured if H were two-fold or many-fold transitive. Theorems XIX 
and XX would therefore still be valid in this case. The latter then 
takes the form : 

Theorem XXI. If a primitive group O of degree n con- 

* Another proof of this theorem is given by Radio: Ueber primitive Gruppen, 
Crelle CII, p. 1. 
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tains a k-foldjransitive subgroup {k ^2) of degree q, then G is at 
least {n — ^+^) transitive, 

§ 85. If the requirement that the subgroup H of the preceding 
Section shall be primitive or multiply transitive is not fulfilled, the 
the theory becomes at once far more complicated. * We give here 
only a few of the simpler results. 

Theorem XXII. If a primitive group G of degree n con- 
tains a subgroup H of degree A < w, then G also contains a subgroup 
whose degree is exactly n — 1/ or in other words: A transitive group 
G of n elements, which has no subgroup of exactly n — 1 elements, 
but has a subgroup of lower degree, is non-primitive. 

Suppose that the subgroup H of degree A < n affects the ele- 

n 
ments cci, ajg* . • • «?a. In the first place if A < -^then the group 6?, 

on account of its primitivity, contains a substitution 8, which replaces 
one element of o^i , a?2 , . . . a^x by another element of the same system 
and at the same time replaces a second element of x^^x^, . . .Xxhj 
some new element. Then H'=s{~^Hsi contains beside some of the 
old elements, also certain new ones, so that H^=\H,H'\ affects 
more than k elements, but less than n, since H and H' together 

n 
affect at the most (2^ — 1) < n. If the degree ^i of H^ is still < -^, 

n 
we repeat the same process, until Aj is equal to or greater than -^. 

Suppose that the elements of the last H^ are a?i, a?2, . . . a?x. Then 
the primitive group G must again contain a substitution 82 which 
replaces two elements not belonging to H^ by two elements, one of 
which does, while the other does not, belong to H^ . Then the group 
H'l = S2-E^i«2~* will connect new elements with those of H^', but, 
from the way in which s^ was taken, one new element is still not con- 
tained in H\ . That some of the old elements actually occur in H\ 

follows from the fact that ^1 ^ J n. Accordingly H^^ \H^, H\ \ con- 
tains more elements than H^ but less than G, Proceeding in this 
way, we must finally arrive at a group K which contains exactly 
(n — 1) elements. , 

♦C.Jordan: Liouville Jour. (2) XVI. B. Marggraf : Ueber primitive Gruppen mit 
transitiven Untergruppen geringeren Grades; Giessen Dissertation, 1890. 
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If H is transitive, then H\ and consequently Hi= |H', H\^ and 
so on to Ky are also transitive. From Theorem XIII, G must 
therefore in this case be at least two-fold transitive. We have 
then the following 

Corollary. If a jprimitive group G contains a transitive 
subgroup of lower degree^ then G is at least two-fold transitive, 

§ 86. We turn now to a series of properties based on the the- 
ory of self-conjugate subgroups. 

Let JQr=[l, 82,^8 9 -^m] be a self -conjugate subgroup of a 
group G of order n = km. The substitutions of G can be arranged 
(§ 41) in a table, the first line of which contains the substitutions 
of H. 

8l = 1, Sj > ^3 ) • • • ^m J 

^2> ^2^2^ ^Z^2J • • • *m^2> 

*^Z^ ^2^8) %^8) • • • ^m^By 



^k9 52^*» ^B^k9 • • • ^m^k' 

From the definition of a self-conjugate subgroup we have then 

that is, the line of the table in which the product (sk^To) (s^^p) occurs 
depends only on (Ta and <r/3, or in other words, if every substitution 
of the a^ line is multiplied into every substitution of the /5"» line, 
the resulting products all belong to one and the same line. 

If we denote the several lines, regarded as units, hj Zi,Z2, . . .z^,, 
then the line containing the product of the substitutions of Za into 
those of Zp may be denoted by ZaZp. This symbol has then a defi- 
nite, unambiguous meaning. Moreover, ZaZp cannot be equal to 
ZaZy or to ZyZp, For then we should have from the last paragraph 
(^a'^p = (^a'^y or <^a^p=^(fy<fp, that is, (Tp = (Ty or (Tf^ = (Ty, Conse- 
quently 

J. 1^1) ^2) • • • 2?<> '''I 

V^l ^ai^2^aj • • • ^f^a * • » J 

denotes a substitution among the 2;'s, and this substitution corres- 
ponds to all the substitutions SA<ya (^ = 1, 2, . . . m) of the a^ line 
of tji0 tfible. The V& therefore form a group T, which is (1-m)- 
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fold isomorphic with the given group G, The degree and order of 
T are equal, and both are equal to k {Cf, § 97). To the identical 
substitution of T corresponds the self -conjugate subgroup H of G. 

We shall designate T as the quotient of G and H , and write 
accordingly T=G:H. 

§ 87. A group G which contains a self-conjugate subgroup K, 
different from identity, is called a compound group; otherwise G is 
a simple group. If G contains no other self -conjugate subgroup K 
which includes H, then jET is a maximal self-conjrigate subgroup. 

If G is a compound group, and if the series of groups 

G, Gi, G2, . . . G^, 1 

is so taken that every G\ is a maxima} self-conjugate subgroup of 
the preceding one, then this series is called the series belonging to 
the compound group G, or the series of composition of G, or, 
still more briefly, the series of G. 

If the numbers 

7*, 7*1 = 7* ! 61 , 7*2 ^^^ T*! : 62 , ... T'la, = ?*^ _ 1 1 6^ , 7*^ + 1 ^^= ^|i, • 6^ ^ j = J. 

are the orders of the successive groups of the series of composition 
of G, then ^i, eg, . . . e^+i are called the factors of composition of 
G; and we have t* = Cj 63^3 • . • 6fii+ 1 • 

If, in accordance with the notation of § 86, we write, 

G:G, = r,, G,:G, = r„ ... G^_,:G^ = r^, G^:l = r, 

the order and the degree of every F^ is equal to €« (« = 1, 2, . . . /i + !)• 
All the groups 1\ are simple. For F^ is (l-ra)-fold isomorphic 
with Ga-i, and to the identical substitution in 1\ corresponds Ga in 
Ga-i' Consequently, if Fa contains a self-conjugate subgroup dif- 
ferent from identity, then the corresponding self- conjugate sub- 
group of Ga-i (§ 73) contains and is greater than Ga. The latter 
would therefore not be a maximal self -conjugate subgroup of Ga-i' 

The groups r, which define the transition from every Ga to the 
following one in the series of composition, are called the factor 
groups of G, * 

*0. Holder; Math. Ann. XXXIV, p. 30 fl. 
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§ 88. Given a compound group G, it is quite possible that the 
corresponding series of composition is nob fully determinate. It is 
conceivable that, if a series of composition 

(t, (tj, (t2, . . . Gfi,l 

has been found to exist, there may also be a second series 

(t, G\y G\y . . . G'v^X 

in which every & is contained as a maximal self-conjugate subgroup 
in the preceding one. We shall find however that, in whatever 
way the series of composition may be chosen, the number of groups 
G is constant, and moreover the factors of composition are always 
the same, apart from their order of succession. 

Suppose the substitutions of Gi and G\ to be denoted by «« and 
s'a respectively. Let rj = r : Cj be the order of G^ , and r'l = r : e\ 
that of G\ . The substitutions common to G^ and G'l form a group 
r(§44), the order x of which is a factor of both r^ and r\. We 
write 

ri = xy, r\ = xy\ 

The substitutions of F we denote by <?•„. All the substitutions of Gi 
may then be arranged in a table, tke first line of which consists of 
the substitutions <Ja. of T. We obtain 



^1 = 1, 



'2> 



•3) 



<^x\ 



A 



^2^1 ) ^2*^2 > ^2^3 J • • • ^2^x 5 »2 ■* ) 
^y^l? ^y^2> ^y^8> • • • %^x\ ^y*> 

where the § belonging to any line is any substitution of G^ not con- 
tained in the preceding lines. The group G\ can be treated in the 
same way. We will suppose that in this case, in place of §i , §2» • • • > 
we have §'i, §'25 • • • Every substitution of G' or G\ can, then, be» 
written in the form 

Again, the product 



8r 



V^-^SaS'^ = S' a-\8' ^-' 8aS' ^) = (Sa" V^-^S^X^ 



^«««'^, 



belongs to (tj. For, since G~^GiG=Gi, it follows that s'p 
which occurs in the second form of the product, is equal to Sy, and 
the product itself is equal to Sa~\. But, from the third form, this 
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same product belongs to 0\ since G~^G'0= G', and therefore 
«a~Vp~*«a = «'y, 80 that the product is equal to s^s'^. Conse- 
quently the product belongs to the group F which is common to Gi 
andG\. Hence 

In particular, since the <r's belong to both the 8*8 and the 8"s, we 
obtain 

From this it follows that the substitutions .of the form §a§'^S form 
a group @. For, by repeatecf applications of the equation J5), we 
obtain 

The group © is commutative with G', for we have 

G-'i^i§,\(T^)G=G-'^cG'G-'^\fT^G = 8a8'p=^y<Ts.^\tT,= ^y^\ff^, 

The group @ is more extensive than Gi or G'; it is contained in G] 
consequently, from the assumption as to Gi and G' , @ must be 
identical with G. . k 

The order of ® is equal to xy y\ For, if Sa^'^'^v = ^a^'tS^, it is 
easily seen that a = a,b = l^, c = r. Consequently the order of. G 
is also xyy', and since we have 

r = ri^i = xyei , r = r\e\ = xy*e\ 
it follows that 

This last result gives us for the order of /', x = — r^~r = ^• 

AVe can show, further, that T is a maximal self- conjugate subgroup 
of Gi and of G\ , and consequently occurs in one of the series of 
composition of either of these groups. For in the first place F, as 
a part of G\ , is commutative with Gi , and, as a part of Gi , is com- 
mutative with G\ , so that we have 

Gr TG, = G\ , G\- 'rG\ = G, . 

But since the left member of the first equation belongs entirely to 
Gi , the same is true for the right member, and a similar result holds 
ior the second equation. Consequently 
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G-^rG, = r, G'r'rG\ = r, 

Again there is no self-conjugate subgroup of Gi intermediate be- 
tween Gi and F which contains the latter. For if there were such a 
group H with substitutions ta, then it would follow from A) that 

that is, H is also commutative with G'l . And since Gi and G'l 
together generate G, it appears that H must be commutative with 
G. If now we add to the ta8 the §'2 , ^'a » . . . > then the substitu- 
tions §'a^/3 form a group. For since F is contained in H and in Gi , 
we have from A)  . ' 

This group is commutative with G, since this is true of its compo- 
nent groups H and G\ . It contains G\ , which consists of the sub- 
stitutions ^'a^p' It is contained in G, which consists of the substitu- 
tions ^\^pffy. But this is contrary to the assumption that G\ is a 
maximal self-conjugate subgroup of G. We have therefore the fol- 
lowing preliminary result: 

If in two series of composition of the group G, the, group$ next 
succeeding G are respectively Gi and G\ , then in both series we may 
take for the group next succeeding Gi or G\ one and the same max- 
imal self-conjugate subgroup F, which is composed of all the substi- 
tutions common to Gi and G\ . If e^ and e\ are the factors of 
composition belonging to G^ and G\ respectively, then F has for its 
factors of composition, in the first series e\, in the second Cj. 

§ 89. We can now easily obtain the final result. 
Let one series of composition for G be 

1) G, Gi, (?2, Gg, . . . , 

, 1 1 — I .K>Y, #2 — '1«*^2» '3 — '2**^3>*»«> 

and let a second series be 

2) G, G\,G\, G\, . . . , 

k 

Then from the result just obtained, we can construct two more 
series belonging to 6?: 
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3) G, 6„r,^,H,... 4) Q, O'u I\ ^,H,..., 

and apply the same proof for the constancy of the factors of com- 
position to the series 1) and 3), and again 2) and 4), as was employed 
above in the case of the series 1) and 2). The series 3) and 4) 
have obviously the same factors of composition. 

The problem is now reduced, for while the series 1) and 2) agree 
only in their first terms, the series 1) and 3), and again 2) and 4), 
agree to two terms each. The proof can then be carried another 
step by constructing from 1) and 2) as before two new series, both 
of which now begin with G, G^ :' 

, '1, '2 — 'l»<'2> ' 8 — '2»*^2>«*' 

3') G,G„ i',®,©,3,..., 

» '1) '2 — 'l'*'2> ' 3 — I 2*^21 ' * • 

These series have again the same factors of composition, and 1') and 
1) and again 3') and 3) agree to three terms, and so on. 

We have then finally 

Theorem XXIII. If a compound group G admits of two 
different series of composition^ the factors of composition in the two 
cases are identical^ apart from their order ^ and the number of 
groups in the two series is therefore the same, 

§ 90. From § 88 we deduce another result. Since G~^rG 

belongs to G^i, because G~^GiG= Gi, and also to G\ because 

G~^G\G= G\, it appears that G'^FG, as a common subgroup of 

Gi and 6r\, must be identical with T, so that Tis a self- conjugate 

subgroup of G. From § 86 it follows that it is possible to con- 

r 

struct a group ^ of order e,e'i which is (1 ^)-fold isomorphic 

e^e I 

with G, in such a way that the same substitution of ^ corresponds 
to all the substitutions of G which only differ in a factor <r. We will 
take now, to correspond to the substitutions 1, ^^j ^8> • • • ^«', of Giy 
the substitutions 1, wg, wg, . . . w^'^ of i2, and, to correspond to the 
Ij ^'2) ^'3? • • • ^'*i of ^'n ^© substitutions 1, w'g, ^^'s, . . . ^^'^ of Q. In 
no case is §'a = §^§Yj for the <r's form the common subgroup of Gi 
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and 0\ . Consequentlj the <<>'s are different from the (o' 's. Both 
classes of substitutions give rise to groups: 

^1 = [1, ^2, ^3, . . . ^m], ^= [1, ^'2, ^'s, . . . ^' J, 
and, since §a§'^ = §'^§a<»•y, it follows that QiQ\=^Q\Qi. Moreover 
every s in G^ is equal to ^a^^fi^yj that is i2 = QiQ\. 

We obtain i2 therefore, by multiplying every substitution of i2, 
by every one of Q\, 

§ 91. We consider now two successive groups of a series of 
composition, or, what is the same thing, a group G and one of its 
maximal self -con jugate subgroups H. Suppose that s\ is a substi- 
tution of G which does not occur in H, and let s\*^ be the lowest 
power of s\ which does occur in H (m is either the order of s\ or 
a factor of the order). If m is a composite number and' equal to 
pq, we put sV = Si, and obtain th|is a substitution s^ which does not 
occur in If, and of which a prime power Si^ is the first to occur in H. 
We then transform Si with respect to all the substitutions of G, and 
obtain in this way a series of substitutions s^, S2, . . . S\, No one of 
these can occur in H. For if this were the case with Sa = <^~^«i<^, 
then <rSa«'~' = Si, being the transformed of a substitution Sa of H 
with respect to a substitution <t~* of G, would also occur in H. 

We consider then the group 

r= |fi,s,,S2, . . .Sa^. 

This group contains H and is contained in G. If t is any arbitrary 
substitution of 6r, we have 

t-'rt = t-'{H8i<'8/,,. \t = t-^Htt-'sHt-\^t , . . 

■— - -ti S{. Sfa • • • — - ■* • 

r is therefore commutative with G, These three properties of r 
are inconsistent with the assumption that jET is a maximal self-con- 
jugate subgroup of G, unless F and H are identical. 

If we remember further that all substitutions, as 81,82, ... Sa, 
which are obtained from one another by transformation, are similar, 
we have 

Theorem XXIV. Every- group of the series of composition 
of any group G, is obtainable from the next following {or, every 
group is obtainable from any one of its maximal self-conjugate 
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subgroups) by the addition of a series of substitutions^ 1) which are 
similar to one another^ and 2) a prime power of which belongs to 
the smaller group. The last actual group of a series of composi- 
tion consists entirely of similar substitutions of prime order. 

§ 92. The following theorem is of great importance for the 
theory of equations: 

TheoreBi XXV. The series of composition of the symmet- 
ric group of n elements^ consists^ if n> 4i,of the alternating group 
and the identical substitution. The corresponding factors of com- 
position are therefore 2 and Jn! The alternating group of more 
than four elements is simple. 

We have already seen that the alternating group is a maximal 
self-conjugate subgroup of the symmetric group. It only remains 
to be shown that, for n > 4, the alternating group is siipple. The 
proof is perfectly analogous to that of § 52, and the theorem there 
obtained, when expressed in the nomenclature of the present Chap- 
ter, Ijecomes: a group which is commutative with the symmetric 
group is, for w > 4, either the alternating group or the identical sub- 
stitution. It will be necessary therefore to give only a brief sketch 
of the proof. 

Suppose that Hi is a maximal self-conjugate subgroup of the 
alternating group H, and consider the substitutions of Hi which affect 
the smallest number of elements. All the cycles of any one of these 
substitutions must contain the same number of elements (§ 52). 
The substitutions cannot contain more than three elements in atiy 
cycle. For if H contains the substitution 

S — yOCiOC^C^OC^ ... J ... , 

and if we transform s with respect to <r = (xaa^aa?*), which of course 
occurs in H, then s~ V^'s^r contains fewer elements than s. 

Again the substitutions of Hi with the least number of the ele- 
ments cannot contain more than one cycle. For if either 

occurs in H, and if we transform with respect to <r = (xiX^^), the 
products 

will contain fewer elements than ««, s^ respectively. 
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The substitutions which affect the smallest number of elements 
are therefore of one or the other of the forms 

The first case is impossible, since the alternating group cannot con- 
tain a transformation. The second case leads to the alternating 
group itself. 

If 71 = 4:, we obtain the following series of composition: 1) the 
symmetric group; !2) the alternating group; 3) (t2 = [1, (i^iOJa) (oosXt), 
(xiX^) (xzXi), (xiX^) (x^x^y]; 3) Gs = [1, (a;i4) (x^Xi)']] 5) 6^4= 1. The 
exceptional group G2 is already familiar to us. 

§ 93. We may add here the following theorems: 

Theorem XXVI, Every group G, which is not contained 
in the alternating group is compound. One of its factors of com- 
position is 2. The corresponding factor group is Rlj^iV^ia,)]. 

The proof is based on § 35, Theorem VIII. The substitutions 
of G which belong to the alternating group form the first self-con- 
jugate subgroup of G. 

Theorem XXVII, If a group G is of order p% p being a 
prime number, the factors of composition of G are all ^equal top. 

The group K of order p^ obtained in § 30 is obviously, from the 
method of its construction, compound. It contains a self- conjugate 
subgroup Ir of order p-''"* and this again contains a self- conjugate 
subgroup M of order p^~'\ and so on. The series of composition 
of K consists therefore of the groups 

K, jL, M, , . . jQ, R, . . . o, 1, 
of orders 

P^, P^~ \ P^"', . . . P*, P*" ', . . . P, 1. 

The last corollary of § 49 shows that we need prove the present theo- 
rem only for the subgroups of K, If G occurs among these and is 
one of the series above, the ptoof is already complete. If G does 
not occur in this series, suppose that R is the first group of the 
series which does not contain G, while 6r is a subgroup of Q, We 
apply then to G the second proposition of § 71. Suppose that H is 
the common subgroup of R and G, Then H is a self-conjugate 
subgroup of G, and its order is a multiple of p«~^ and is conse- 
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qnently either p'-'orp'. The latter case is impossible since then 
would be contained in R. CoDseqnentljr H is of order p'"', and 
the theorem ia proved. 

leorem XXVIII. // a group Q of order r containe a 
njugate subgroup H of order — then no substitution of G, 
does not occur in H can be of an order prime to e. * 
I construct the factor group r= 0:H ol the order e. No one 

snbstitntions of P, except the identical snbstitation, is of an 
irime to e. To any substitatioQ s of G which does not oocnr 
[>rresponds a <r which is different from 1. On accomtt of the 
phism of G and F, there corresponds to every power s* of a 
ne power ff* of a. If x is the lowest power of s for which 

then at the same time a' = i. x isto therefore a multiple of 
ler of (t and consequently is not prime to e. 
in particolar, e is a prime number, then the order of every 
ntion of G which is not contained in H is divisible by e. 
4. Among the various series of composition of a group G, 
ncipal series of composition, or briefly, the principal series, 
lecial importance in the algebraic solution of equations. This 
>bI series is obtained from any series of composition by re- 
; only those groups of the series which are themselves self- 
ate snbgroups of G. Suppose the resulting series to be 

Q,H,J,... K, L, M, 1. 
i series of G may itself be the principal series. This will be 
le, for example, as we shall immediately show, if all the fao- 

composition of the series are prime numbers, 
umiug that the principal series is not identical with the given . 
suppose that the latter contains, tor instance between H and 
tr groups, as 

herefore commutative with H, but not with G. Consequently 



GENEBAL CLASSIFICATION OP GEOUPS. 105 

Accordingly, if we transform H^ with respect to all the substitutions 
of 6?, \^e shall obtain a series of groups Hi,H\,H^\y, . . All of 
these are contained as self- conjugate subgroups in H, for if <t is any 
substitution of 6?, then ff-^H^<Tz=iH\ is contained in (t-^H<t = H. 
Moreover 

for if T is any substitution of H, then from <r~V<r = v follows 
^-V-V = v-^(c/.§36). 

Again J is contained in every cue of the groups Hi , H\ , H"i , . . . 
For J is contained in jHi, and consequently <f~'^J<5 = J is contained 
in <T~^Hi<T = H\ , and so on. Finally H'l , like JETi , is a maximal self- 
conjugate subgroup of H. For if there were any self -conjugate sub- 
group between H and H\ , then the same would be true of H and 
JEfi. In fact if H\ is obtained from jBTi by transformation with 
respect to <t, then the intermediate group between H and H^ would 
proceed from that between H and H\^ by transformation with 
respect to <r~\ In the series of 6?, the group H may therefore be 
any one of the several groups of the same type HijH\, . . . All 
of these belong to the same factor e of composition, e being the 
quotient of the orders of H and Hi . In accordance with the pre- 
liminary result of § 88, we can then continue the series of G by 
taking for the group next succeeding Hi the substitutions common 
to Hi and H\, or to Hi and H"i, or to Hi and ir"'i, and so on. 
From the same result the new groups all belong to the same factor 
of composition e. Every one of them contains «7. We need of 
oourse consider only the different groups among them. If there is 
only one, this must coincide with J. For the entire system of groups 

and consequently the group common to all of them, is unaltered by 
transformation with respect to G. The order of J is therefore 
obtained by dividing that of H by el 

But if there are several different groups, we can then proceed 
in the same way. The substitutions common to HifH\jH'\, for 
•example, form a group which in the series of G can succeed the 
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groap composed of the snbstitqtions common to H, and H',. The 
inding factor of composition is again e. 

t y repetitions of this ptcwess we arrive at the group J. The 
J is therefore obtained by dividing that of H by ('. The 
.enj before J conaiata of ► gronps if,_,, ir,_i . , . which are 
ar and all belong to the factor e, and which give 

(Orein XXIX< .If a series of composition of G does 
icide with a principal series, but if, between two groups H 
fthe latter, > — l groups Hi, Hi, . . . Hy_, of the former are 
, then (o if, , Jfj , . . . J belong the same factors of composition 
he order r' of Gis therefore equal to the order r" of J mul- 
'iy e'. H can be obtained from J by combining %vith J a 
' f groups Hy_„ H'y_„ . . . , which are all similar, and of 

•ollary I. if the factors of composition of a group are 
iqual, the group has a principal series. 

•ollary II. Every non-primitive group ia compound if 
ins any substitution except identity which leaves the several 
of non-primitivity unchanged as units. If the group con- 
eater (including) and lesser (included) systems of non-prim- 
■t has a principal series. 
instance of the group 

"1, (XiX^ (l>Vl) (^'53^)t ('''l''^8) ("'j^l) (^i^t)l (^'ji^o) (^l^l) (3^6)1 

ix^X^X^) (x^iXt), {x,XiX,) (iCaiC^s)] 

liat non-primitivity may occur in a simple group. In this 
3 only substitution which leaves the systems XttX^, x,, x^, 
Xi unchanged is the identical sabstitution. 

rollary III. The groups H,_„H\_„H"y_i, . . . are 
ative, i. e., the equations hold 

Hy _ ,<"' If ^_ i^P) = Hy_ i(«> H, _ ,(*>. 

the aeries preceding J we may Bsanme the sequence 
|-ffv_i*°*,^»_i'*'j, .. . toocour. Accordingly we must have 
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(if,_,Wir._,<''^)-'if,_,w(ff._.Wif,_,w) = ir,_,w, 

or 

(ir._.w)->(ir,_,(«))-'ir,_/«)if,_,Wir,_.o) 
= (if._,<''))-'if._.(«)ff._,«=-ff._.<«). 

• 

Corollary IV. The last actttal group M of the principal 
series ofGis composed of one or more groups similar to one another^ 
which have no substitutions except identity in common, and which 
are commutative with one another. 

§ 95. We have now to consider the important special case 
where e is a prime number p. 

Instead of lf'„_i,lf"v_i, ... we employ now the more conven- 
ient notation 

H\ if", if'", . . . m-\ 

Then H' is obtained from J by adding to the latter a substitu- 
tion ti , the p^^ power of which is the first to occur in J. We may 
write (§ 91) 

H' = t,^J, K'^t^^J, H'"=t^^J,... (a = 0,l,...p— 1). 

Since J is a self- conjugate subgroup of every one of the groups 
H\H'\ . . . ,we have 

and, if we denote the substitutions of J by ii, «2, *3, . . . , 

*1 ^1 f 1 = l2> ^2 *1 ^2 — - % » ^8 ^1 ^8 ^^~ ^4 > • • • ) 

till = t-J/l yt^li) t ^2 ^1 ~— ^1^2 (*3*V J ^8 *1 — - *l'a (^4*1/) • • • > 

that is, the substitutions of H\ of if", of iZ"', and so on, are com- 
mutative among themselves, apart from a factor belonging to J, ^ 

Since we can return from J to if by combining the substitutions 
of if' and H'\ for example, into a single group (§ 88), we have from 
§ 94, qoroUary III 

^2 '1^8, ~~ tl %ly tl C2 ^1 "~~ '2^2 > 

and consequently, by combination of these two results, 

'1 ^2 '1^2 ""■ '2^2^2 ~~ ^2 ^8 ) 

= ^1 ti"ti= ti°- *j. 

The left member of the last equation is a snbstitation of H', th& 
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member a snbstitatioQ of H". Siooe these two groups have 
he Bubstitatioos of J* in common, the powers of f ^ and fj mast 
)ear, Conaeqneutly o = 1 , p= — 1, and 

t^t, — Uiii, 

(/,i,)(t,i,) = (V.)(M,K, 

labstitntions of the group formed from J, ti, and f, are 
ore commntative among themselves, apart from a factor be- 
ig to J. The same is tme of the group formed from J, f, , 
,, or from J, ^, and t^, and consequently of the group 

U,t!,\, and ao on, to the group H itsell (It is to be noted 

'orollarj m of § 94 involves much less than this. There it 

question of the commutativity of groups, here of the single 

tutions.) 

ery two substitutions of H are, then, commutative apart from 

jr belonging to J. We will prove now the converse proposi- 

If two substitutions of H are oooimutative apart from a fac- 
ilonging to J, then e is a prime number. In fact this will be 
lae, if the substitutions of H' have this property. For, this 
assumed, if e were a composite number, suppose its prime fac- 
o be g, g', q", . . . We select from jff',, in accordance with 
em XXIV, § 91, a substitution t which is not contained in J. 
>west power of t which occurs in J will then be, for example, 
ransforming, we have 

H'-'{fJ)H'= H'-'f'H'H'-'JH' 

inee by assumption, fH' = H't'J, 

roup {I, J\ is therefore a self- conjugate subgroup of H', which 
na J and is larger than J. Moreover, it is contained in H', 
smaller than H'. For, if ( is commutative with J, then from 
-8 the order of \t,J\ isr"g<r"e. This is contrary to the 
ption that J is the group immediately following H' in the 
of Q. 



GENERAL CLASSIFICATION OF GEOUPS. 



109 



Theorem XXX. If, in the principal series of composi- 
tion of G, the order r' of H is obtained from the order r" of J by 
multiplication by p% where the prime number p is the factor of com- 
position for the intervening groups in the series of G, then the 
substitutions of H are commutative among, themselves apart from 
factors belonging to J. Conversely, if this is the case, the factors 
of composition of the groups between H and J are all equal to 
the same prime number p. 

§ 96. We turn finally to certain properties of groups in rela- 
tion to isomorphism. 

If L is a maximxil self-conjugate subgroup of G, and A the 
corresponding group of T, then A is also a maximal self -conjugate 
subgroup of F, 

For if r contained a self-conjugate subgroup ^, which con- 
tained A, then the corresponding group Tot G would contain L, 

The series of composition of G corresponds to that of F. If 
G and F are simply isomorphic, all the factors of the one group are 
equal to the corresponding factors of the other. But if G is mul- 
tiply isomorphic to T, then there occur in the series for G, besides 
the factors of F, also a factor belonging to the group S which cor- 
responds to the identical substitution of F, 

The proof is readily found. 

If G is multiply isomorphic to F, then G is compound, and S is a 
group of the series of composition of G. 

§ 97. Suppose that G is any transitive group of order r, affect- 
ing the n elements Xi,X2, . . . x^. We construct any arbitrary n\- 
valued function ^ of Xj,X2,, . . , x^, denote its different values by 
^i> ^2) • • • ^n!j and apply to any one of these, as ^j, all the substitu- 
tions of G, Let the values obtained from ^i in this way be 

The r substitutions of G will not change this system of functions as 
a whole, but will merely interchange its individual members, produ- 
cing r rearrangements of these, which we may also regard as sub- 
stitutions. These substitutions of the f's, as we have seen, form 
a new group F, The group F is transitive, for G contains substi- 
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tntioas which convert fj into any one of the values ^i, ^2) • • • ^»-,' 
and therefore the substitutions of P replace $i by any element 
^1,^2} •••^r* Again every substitution of Q alters the order of 
^1, ^2, ... Cr, for c is a n! -valued function. Consequently every sub- 
stitution of Talso rearranges the *i,f2>--«^r. The order of F is 
therefore equal to its degree, and both are equal to r. 

G and F are simply isomorphic. For to every substitution of G 
corresponds one substitution of T, and conversely to every substitu- 
tion of F at least one substitution of G, And in the latter case it 
can be only one substitution of G, since G and F are of the same 
order. 

Theorem XXXI. To any transitive group of jorder r car- 
responds a simply isomorphic transitive group, the degree and order 
of which are both equal to r. Such groups are called regular. 

§ 98. Theorem XXXII. Every substitution of a regular 
group, except the identical substitution, affects all the elements, A 
regular group contains only one substitution which replaces a given 
element by a prescribed element Every one of its substitutions 
consists of cycles of the same order. If tux> regular groups of the 
same degree are {necessarily simply) isomorphic, they are similar 
i. e., they differ only in respect to the designation of the elements. 
Every regular group is. non- primitive. * 

The greater part of the the theorem is already proved in the 
preceding Section, and the remainder presents no difficulty. We 
need consider in particular only the last two statements. 

Suppose that F, with elements ^i,^2>»»«^n and substitutions 
^n <^25 • • • <^» is isomorphic to G with elements Xi, X2, , . . x^ and 
substitutions 81, $2, . . . s„, the isomorphism being such that to every 
<ta corresponds *S\, Then we arrange the elements Xa and ^p in pairs 
as follows. Any two of them, Xi and ^i , form the first pair. If 
then Sa converts x^ into x^, and if the corresponding <t\ converts ^1 
into ^A) then X\ and ^a form a second pair. No inconsistency can 
arise in this way, for there is only one substitution which converts 
07] into Xa. We have now to prove that, if Sa contains the succes- 
sion XaXi,, then (r^ contains the succession $« $6. 

*A regular group of prime degree is cyclical. 
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We have 

1 

Off — — . • • cCjtC/jj • • • } Off • • • t*/j*t/J» • * . J Off OJ • • « «*/^Cvj . • • J 

^a ~~ • • • ^l^a • • • ) '^i ^ . . . sj'^5 « . . J <'"« ^^j — . * . ^a^b • • • ) 

and since there is only one substitution which replaces x^ by ajj , it 
follows that 

If therefore 8a contains a cycle composed of a given number of ele- 
ments Xa, then ffx contains an equal cycle composed of the corres- 
ponding elements ^a- Therefore Sx and <rx, and consequently O 
and r are of th^ same type. 

The last part of the theorem is proved as follows. If a regular 
group G contains a substitution 8 = (a^iajj . . . x^n) (a?^+ia?^+2. ..)••• 
then it cannot also contain t = {xiX2 . . .) {x^x^j^2' ••)•/• ^^r we 
should then have 8t~^'={xi) (x^n+iX^ ...)..., and G would not be a 
regular group. Consequently x^x^, , , ,Xf„, i. e,, the elements of any 
arbitrary cycle, form a system of non-primitivity. (The remaining 
systems however are not necessarily formed from the remaining 
cycles of the same substitution). 

§ 99. If the groups G and F are isomorphic, and if G is intran- 
sitive, then, if in every substitution of G we suppress all elements 
which are not transitively connected with any one among them, as 
Xi, the remaining portions of the several substitutions form a new 
transitive group G, also isomorphic with F, It may however hap- 
pen that the order of isomorphism of F to Gi is increased. Again, 
if X2 is any new element, not transitively connected with Xi , we can 
then form a second transitive group G2, isomorphic to F and con- 
taining X2, and so on. 

The intransitive group G can therefore be decomposed into a 
system of transitive groups isomorphic with F, and conversely every 
intransitive group can be compounded from transitive groups 
Gi , (t2 , . . . In the case ,of simple isomorphism it is only neces- 
sary to multiply the several constituents directly together. 

§ 100. Suppose that 6r is a transitive group of degree m and 
order r = mmi, which is Ar-fold isomorphic with a second group 
r. Let the elements of 6r be a?,, ajg, . . . a?^, and let Gi be the sub- 
group of G which does not affect Xi. The order of Gi is therefore 
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nil. U! 82,83,... are snbstitntioiiB of G whicb convert x^ into 
X2,x,, . . . then G,-82, 0,-8t, . . . comprise in each case all and only 
ate sabstitntions vliich prodnce the same effects. 

Suppose that to G, ia G corresponds r, in r, the order of 
5 m, k. The order of r is rk. Consequently, if the func- 
belongs to A , then v'l takes exactly — -r = m values under the 
jn of all the substitutions of F. Suppose that the substitu- 
of r which oorrssponds to Sj of G converts ft into ft. Then 
atains all the snbstitations which convert -pi into ft. Simi- 
jideratioQs hold for o-, and ft, t, and Vt, and so on to cr„ and 
: we apply all the substitutions of /" to the system of values 

in rearrangements which can be regarded as substitutions of 
' elements f. The order of the new group H is equal to the 
t of ^ by the number of substitutions of i' which leave all 
unchanged. These correspond to the sabstitntions of Q 
eave all the x'e unchanged, i. e., to the identical snbstitu- 
Do this correspond k substitutions of F, and consequently the 
i Hiar. 

ad H are, then, the same degree m, , of the same order r, and 
9 isomorphic and, in fact, similar. For if s is a substitution 
lich replaces a;8by a;,, then a belongs to the system 8a~'Gi8^. 
responding substitution of H is obtained by applying a sub- 
1 aa~^rji7^ to the system ip^, (p^, . . . 9„. Every one of these 
itions replaces v^ by ^p. Accordingly the siibstitutions of H 
fei from those of 6 in the fact that the latter contain x's 
he former contain the corresponding ^'s. 
can therefore construct all groups G (or H) isomorphic to F 
jing all the substitutions of F to any function f belonging to 
itrary subgroup F, of F, and noting the resulting group of 
itions of the elements <p,, Vi,-  • (".»■ 

'j is a self- conjugate subgroup of F, the resulting isomorphic 
f will be regular, as is easily seen, 
)1. In conclusion we deduce the following 
eoreiu XXXIII. Given any number of mutually mul- 
vmorphio groups, in which the elements of any one are 
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all different' from those of any other one, if we multiply every sub- 
titution of the one group by every corresponding stibstitution of 
every other group and form all the possible products, the result 
is an intransitive group, and conversely every intransitive group 
can be constructed in this way. 

The first part of the theorem is sufficiently obvious. For the 
second part we consider the special case of an intransitive group 
the elements of "^hich break up into two transitive systems. * The 
general proof is obtained in a perfectly similar way. 

Suppose that the substitutions Sk of the intransitive group G 
divide into two components 

where <t^ affects only the elements jri,a?2) .-.^m) and r^ only 
Ci, C2> • • • ^*x- Iti is possible that <ta occurs also in other combina- 
tions 

"'a'^Aj ""a'^'aj ""A'T^A, ... 

Similarly r^ may occur in other combinations 

''"a'^Aj ^ A*^Aj ^ A'^A . . • 

We coordinate now with (t^ all the r^^ '^\,t\, . . . , and with r,, all 
the <ta, <^'aj <^"a, . . . j and proceed in the same way with all the sub- 
stitutions Sx of (t. The «ta's form a group - and the r^'s a group 
T. Suppose that <j"a, ^J"/* are coordinated with 'Z'a,^/*. Then thera 
are substitutions S\,s^,Sy, such that 

S\ = ^A'^A » S/x = ^fJfi > 
^A^/w, ^^^ S„ = ^v'^v ? 

and consequently (t^^^t^ = (t^, is coordinated with r^r^ = r^ . 
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CHAPTER V. 



ALGEBRAIC RELATIONS BETWEEN FUNCTIONS BELONGING 
TO THE SAME. GROUP. FAMILIES OF MULTIPLE- 
VALUED FUNCTIONS. 

§ 102. It has been shown that to every multiple- valued func- 
tion there belongs a group composed of all those substitutions and 
only those which leave the value of the given function unchanged. 
Conversely, we have seen that to every group there correspond an 
infinite number of functions. The question now to be considered 
is whether the property of belonging to the same group is a funda- 
mentally important relation among functions; in particular, whether 
this property implies corresponding algebraic relations. 

An instance in point is that of the discriminant ^^ of the values 
of a function f , considered in Chapter III, § 55. It was there shown 
simply from the consideration of the group belonging to ^, that J^, 
and therefore the corresponding discriminant of any function 
belonging to the same group, is divisible by a certain power of the 
discriminant of the elements Xi^Xi, . , . x„. 

§ 103. We shall prove now another mutual relation of great 
importance. 

Theorem I. Two functions belonging to the same group 
4can he rationally expressed one in terms of the other. 

Suppose (fi and v''i to be two functions belonging to the same 
.-group of order r and degree n 

(ti = [Si = 1, ^2 5 ^3> • • • *»J' 

If rr^ is any substitution not belonging to 6r, , and if ^ 2 and 02 are the 
values which proceed from <pi and (/\ by the application of ^2? then 
all the substitutions 

^2 ? ^2'^2 » ^3^2 » • • • ^r^'2 

also convert f , and ^2 ii^to 0, and v''2 respectively, and these are the 
^nly substitutions which produce this effect. The values ^2 and (/'^ 
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therefore again belong to one and the same group Gi^ff^'^Gitr^. 
Proceeding in the same way, we obtain all the p pairs of values of 
^ and </', together with the p corresponding groups. 

For every integral value of A, the function 

is therefore, like f i + ^2 + • • • + ?'p or v''i + ^2 + • • • + v''p> »^ i'^*'®- 
gral symmetric function of the elements Xi,x.2, . , , x^. For this 
function is merely the sum of all the values which ^^^v^'i can assume 
and is accordingly unchanged by any substitution, only the order 
of the several terms being affected. Accordingly, if ^, and (/'i are 
integral rational functions of the elements x^, then Ax is an integral 
rational function of Cj, c.^, . . . c„. 

Taking successively A = 0, 1, 2, . . . /> — 1, we write the corres- 
ponding equations: 

<Pl</'l + ^2V''2 + ^3V^ + . . . + 9p</fp = Ai , 

S) <P;\\ -f <p'</'2 + WV'3 + . . . + <Pp'</'p = A, , 

^l'*'V', + ^2'*-V'2 + ^8'*"V'3+ . . . +^p^-Vp = Ap_,. ' 

If these equations are solved for </'i, vS, • . • 0p5 every ^''^ is obtained 
as a rational function of ^1 , ^2? • • • ^p- 

§ 104. We multiply the first p —2 equations of the system S) 
successively by the undetermined quantities 2/09 ^n 2/2 ••• 2/p-2> and 
the last equation by 2/p_i = 1, and add the resulting products, wri- 
ting for brevity 

yp-i<f''-' + yp-29^~'' + yp-3<p^~''+ • . . +yi<p+yo=z{9)- 

We obtain then 

(1) <^'l '/ {<Pl) + 02 '/ M + '"^'pX {9p) = Ao^o + ^l2^I + ^2^2 + . . . 

. . . + -Ap _22/p _ 2 + -O-p _ jt/p _ 1 . 

From this equation we can eliminate 02> v'*3j • . . *f'p and obtain t/'^. 
For this purpose we need only select the y's so that we have simul- 
taneously 

'/{^2) = 0, ^ x{n) = 0, ... /(^p) = 0; /(^OrO. 
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In Chapter III, § 53, we haye shown that ^i, ^29 • • • ^p satisfy an 
equation of degtee p 

jr(f)=o, 

the coefficients of which are rational in c,,C2, . . . c„. Again, the 

quotient 

X{<p) 



(P — ^j 






vanishes if s^ = f'l, V'2> • • • ^p- But, if sp = <^i, we have 

(f 1 — 9^{<Pi —<Pz)"' {<Pi — 9p) = X'{if,) . 

The derivative -X"(s^i) is not zero, for if ar, , Xj, . . . a:„ are independ- 
ent, the values <pi,92i - - - 9p ^^ ^1 difiPerent. 

We can therefore satisfy the requirements above by taking 

<p — 9l 
that is, 

yp-2^^ i-^i^ yp—^^^ihi Vp—i^^ .^41 • • • z/o ^^ i /^p* 

Or, if we write 
we have 

and consequently 

yp-2= V'l — «1, 2/p~3 = 9\—'h?\ + '^, 2/p-4 = S^l^— «lf 1^+ «2S^1 — «S,. . . 

By substitution in (1) we obtain then 

(2) ,'.,jr(,>o=-K(^.), ^''> = r^)- 

The value of ^\ thus obtained can be reduced to a simpler form 
as follows. The product 

is a symmetric function of the ^'s, and in fact, as appears from the 
expression for -y(^i) above, only differs from the discriminant J^ 
in algebraic sign. Moreover, the product 

(3) X'(p,)^(^.)---^'(vv) 

is a symmetric function of the roots of the equation 
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and can therefore be rationally expressed in terms of the coefficients 
of this equation, that is, in terms of fl4, o^, . . . ap, and ^i, and con- 
sequently in terms of Ci,<52, . . . c„ and <p^. If now' we multiply 
numerator and denominator of the expression for (pi in (2) by the 
product (3), we obtain 



(4) ^'. = 5#). 



The denominator of this last fraction is rational and integral in 
Cj, Cs, . . . c„; the numerator is rational and integral in Ci, Cj, . . . c« 
and^,. ^ 

If the numerator i^i(^i) is of a degree higher than p — 1 with 
respect to ^i , a still further reduction is possible. For suppose 
that 

R,{<p) = X(<p)Q{<p) + Rl<p\ 

where Q{<p) and R2{<p) are the quotient and remainder obtained by 
dividing Ri{9) by X{(p). The degree of Rii^p) then does not exceed 
P — 1. Now if ^ = ^1, ^2» . • • s^pj -^(^) = 0. Consequently 

R^{<Px) = R,{n) (A = 1,2, 3,...^), 
and therefore 

Similar considerations hold fdr the values i!>2^<!'i^ • . . 0p. We 
have therefore 

Theorem !!• If two p valued functions ^x cind 4'k belong to 
the same group Ox., then (f'\ can be expressed as a rational function 
of ivhich the denominator is the discriminant J^ and is therefore 
rational and integral in Ci, Cg, . . . c„, while the numerator is an 
integral rational function of <p\, of a degree not exceeding p — 1, 
with coefficients which are integral and rational in Ci, C2, , . , c„* 

§ 105. The converse of Theorem I is proved at once: 

Tlieorein III. If tivo functions can be rationally ex- 
pressed one in terms of the other, they belong to the same group. 

*Cf. Kronecker: Crelle9l, p. 307. 
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In fact, given the two equations . 

it appears from the former that ^ is unchanged by all substitutions 
which leave ^ unchanged, so that the group of f contains that of ^, 
while from the latter equation it appears in the same way that the 
group of <p contains that of <p. The two groups are therefore iden- 
tical. 

Bemabk. Apparently the proof of this theorem does not involve 
the requirement that ^ and tp shall be rational functions. It must 
however be distinctly understood that this requirement must always 
be fulfilled. For example, in the irrational functions 

the expressions under the square root sign are all unchanged by 
the transposition (t = (ajjaja). But it remains entirely uncertain 
whether the algebraic signs of the irrationalities are affected by this 
substitution. Considerations from the theory of substitutions alone 
cannot determine this question, and accordingly the sphere of appli- 
cation of this theory is restricted to the case of rational functions. 
If,^ in the last two irrationalities above, the roots are actually 
extracted and written in rational form 

it appears at once that the transposition <t changes the sign of 
the former expression but leaves that of the latter unchanged, 
while in the case of the first irrationality this matter is entirely 
undecided. 

§ 106. Theorem? I and III furnish the basis for an algebraic 
classification of functions resting on the theory of groups. All 
rational integral functions which can be rationally expressed one 
in terms of another, that is, which belong to the same group, are 
regarded as forming a family of algebraic functions. The number 
p of the values of the individual functions of a family is called the 
order of the family. The several families to which the different 
values of any one of the functions belong are called conjugate 
families,''^ 

•L. Kronecker: Monatsber. d. Berl. Akad., 1879, p. 212. 
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The pi'oduct of the order of a family by the order of the cor- 
responding group is equal to nl, where n is the degree of the group. 

Every function of a family of order /> is a root of an equation 

of degree p, the coefficients of which are rational in Cj, Cj, . . . c„. 

The remaining p — -1 roots of this eqttation are the conjugate func- 
tions. 

The groups which belong to conjugate families have, if p>2y 
n > 4, no common substitution except the identical substitution, 

Forr /o = 2 the two conjugate families are ^identical. 

For /o = 6, n = 4 there is a family which is identical with its 
five conjugate families, 

§ 107. In the demonstration of § 104 the condition that <p and 
il> should belong to the same family was not wholly necessary. It is 
only essential that ^ shall remain unchanged for all those substitu- 
tions which leave the value of ^ unaltered. The demonstration 
would therefore still be valid if some of the values of (p should 
coincide; but the values of <p must all be different, as appears, for 
example, from the presence of the discriminant J0 in the denomi- 
nator of (p. Under the more general condition that the group of . 
4f includes that of <p we have then the following 

Theorem IV. // a function ^ is unchanged by all the sub- 
stitutions of the group of a second function ^, ivhile the converse is 
not necessarily true, then ^ can be expressed as a rational function 
of ^, as in Theorem II. 

Under these circumstances the family of the function (p is said 
to be included in the family of the function (p, (p can be rationally 
expressed in terms of s^, but ip cannot in general be thus expressed 
in terms of ^. An including group corresponds to an included fam- 
ily and vice versa. The larger the group the smaller the family, 
the same inverse relation holding here as between the orders r 
and p. 

From the preceding considerations we further deduce the fol- 
lowing theorems: 
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Theorem V, It is always possible to find a function in 
terras of which any number of given functions can be rationally 
expressed. This function can be constructed as a linear combina- 
tion of the given functions. Its family includes all the families 
of the given functions. 

Thus any given functions ^, ^', ;^, . . . can be rationally expressed 
in terms of 

where a, /9, ^, . . . are arbitrary parameters. For the group of io is 
composed of those substitutions which leave ^ , , / , . . . all un- 
changed, and which are therefore common to the groups of 
S^>^>/j--- The group of to is therefore contained in that of 
every function ^, Vs/, . . . , and the theorem follows at once. 

A special case occurs when the group of <^ reduces to the 
identical operation, to being accordingly a n! -valued function. In 
this case every function of the n elements x^^x.^^ . . .Xn can be 
rationally expressed in terms of <o^ and every family is contained 
in that of to. The family of <o is then called the Galois family. 

Theorem VI. Every rational function of n independent 

elements a?i, a?2, . . . a7„ can be rationally expressed in terms of every 
nl'Valued function of the same elements; in particular^ in terms 
of any linear function 

where «i, «2? • • • «« otre arbitrary parameters. 

§ 108. We attempt now to find a means of expressing a mul- 
tiple-valued function f in terms of a less valued function 4', the 
group of the former being included in that of the latter. A rational 
solution of this problem is, from the preceding developments, im- 
possible. The problem is an analogue and a generalization of that 
treated in Chapter III, § 53, where a ^-valued function was 
expressed in terms of a symmetric function by the aid of an equa- 
tion with symmetric coefficients of which the former was a root. 

From the analogy of the two cases we can state at once the 
present result: 
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Theorem VII. If the group of a mp-valued function <p is 
contained in that of a p-valued function 0, and if 

are the m values which <p takes under the application of all the 
substitutions which leave (p unchanged^ then these m val\ies of fp are 
the roots of an equation of degree m, the coefficients of which are 
rational functions of (f** 

In fact, the substitutions of the group 

n — r —1 1 — ^• 

(tj — \_Si — 1, ^2 ) $3 } . • • s^j r — 

of 01 are applied to any symmetric function of ^i, s^2> • • • *Pm^ *^© 
value of this function is unchanged, only the order of the several 
terms being altered. In particular we have for the elementary 
functions 

9x + <P2 + . . . + ^m = ^1 (0l), 

where the A's are rational, but in general not integral functions of 
V'l . We obtain therefore the equation 

of which the roots are ^i, ^29 • • • ^m? and in general the equation 

of which the roots are the m values of <p which correspond to the 
value 0A of ({', 

The denominators of the Aa's and, in fact, their least common 
denominator is always a divisor of the discriminant Ja, as appears 
from the proof of Theorem 11. If 4' is a symmetric function, there 
is no longer a discriminant, and the denominator is removed, as we 
have seen in Chapter III, § 53. 

§ 109. One special case deserves particular notice. If the 
included group H of the function <p is commutative with the inclu- 
ding group G of 4' then, if a single root of the equation (Aj) is 
known, the other roots are all rationally determined. For if 

<PU ^2> n^ " '<Pm 
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roots of the eqaatioa (_A,), aad if 

H„H2,Ht,. ..H„ 
groups belonging to these valaea, finallj, if 

arbitrary substitutions of G which convert ic, into v,,fj,...y,» 
ively, then we have {Chapter III, g 45) 

supposition if is a self-conjugate subgroup of Q, and tiiere- 



iseqaently 

Ut^H^-H^^ ... =H„. 
dififerent values ^1,^3, . . .9m therefore belong to one and the 
roup H, and can consequently all be rationally expressed in 
i any one among them, in accordance with Theorem I. 
< family of ij'i is included in that of <p,. When, as in the 
case, the group H, of ipt is not merely contained in the 
G of >!; but is a self -conjugate subgroup of G, the family of 
lied a aelf-conjugate subfamily of the family of f , . 
eoreni VIII. in order that all the roots of the equation . 
yuld be rationally expressible in terms of any one among 
rs fi, it is necessary and sufficient that the family of 4'i 
be a aelf-conjugate subfamily of that of v'l, *■ s-, "mi' th^ 
f fj should be a self -conjugate subgroup of that of 0,. The 
ff 'ritf-ii    Vm are then coincident. 

consider in particular the case where m is a prima number. 
e G, to be the group of v''i and H, that of 9, . Since every 
ition of G, produces a corresponding substitution of the val- 
9i> •  -fm, the group G, is isomorphic with a group of the 
he latter group is transitive and of degree m. From The- 
[, Chapter IV, its order is divisible by m, and from Theorem 
pter III, it therefore contains a sabstitution of order m. 
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For m elements, where m is prime, there is only one type of such 
substitutions 

The corresponding substitution r of Oi therefore permutes 
S^u S^2> . . . S^m cyclically. Moreover, since t"* corresponds to i**, it fol- 
lows that r*" leaves all the functions s^i, ^2? • . . ^»i unchanged. Ac« 
cordingly t*", and no lower power of t, is contained among the sub- 
stitutions of Hi . 

Furthermore we readily show that 

For the substitutions H^,HiT, . . . if,T*"-^ are all different and, since 

Hi is of order — -. there are m — - = — ^ of them. They are all nec- 

mp mp p 

essarily contained in Gi, which, being itself of order — ^, cannot 

contain any other substitutions. From this it appears again that r 
is commutative with H^, 

Theorem IX. If the equation {A^ is of prime degree rriy 
and if the group H^ of ip^ is a self- conjugate subgroup of the 
group Gi of ii\ , then Gi contains a substitution r ivhich permutes 
fijS^2? . • . S^p cyclically. This substitution is commutative with 
Hi ; its m^^, and no lower, power is contained in Hi ; together vnth 
Hi it generates the group G, . 

§ 110. We examine now under what circumstances {A^ can 
become a binomial equation, again assuming the degree m to be a 
prime, number. If {A^ is binomial, its roots, <Pi , uxpi , a>'Vi ? • • . «>"*" Vi 
evidently all belong to the same group. It is therefore necessary 
that Gi should be a self- conjugate subgroup of Gi. 

We proceed now to show conversely that, if the group JET, is a 
'self -conjugate subgroup of (r, , then a function xi belonging to Hi^ 
can be found, the m^^ power of which belongs to Gi . 

Denoting any primitive m^^ root of unity by «>, we write 

/l = S^l + ^f 2 + "'Va + .. . +«^'"~Vm. 

1 

If we apply to this expression the successive powers of t or r, we 
obtain 
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Zi = 9t + '>'<P, + '»\r.+ ■-■ +<«"~'9i = "'~'z>, 
[uently 

xC = x~=  =;f«"- 

) have now to prove 1) that xt belongs to the group H^ , and 
t ^," belongs to the gronp Gi . 

the first place,Binoe 9t,9i, .  -Vm are anohanged by all the 
ntioDB of if, , the same is true of xt  Moreover if there were 
her substitutions which left y_, anohaaged we should have, for 
le, 



' '(?'-. — ?;„) + "'" "(y—i — *'*„_i)+ ■■■+(f'i — f *,) = **. 
e latter eqaatioa would then have one of its roots, and conse- 
y all its roots, in common with the irredncible equation 

„— + „".->+. ..+1^0, 
B must therefore have 

Vt — 91^ = 91 — Vi,=    — f« — V.-„- 
e may assome the function ^, to have been constmcted by the 
d of § 31 as a sum of — ^ terms of the form x,'x/ . . . with 
irmined exponents. The systems of exponents in ip\,'p2,---9., 
len all be different, and therefore, since the x'b are independ- 
riables, the equation 

jld only if y, = p., and f^ = f ij identically. The fnnction /i 
ore belongs to Jf , . 

follows at once that x\" belongs to G,. For this function is 
aged by H, and r, and consequently by 

ber substitations can leave /," unchanged. For otherwise 
nld take less than p values, and its m"' root yi less than mp 
, which would be contrary to the result just obtained. 
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Theorem X, In order thjut the family belonging to a group 
H may contain functions the m^^ power of which belongs to the 
family of a group G, it is necessary and sufficient that H should be 

ft 

a self -conjugate subgroup of G<, or^ in other words, that the family 
of G should be a self-conjugate subfamily of that of H, 

From Theorems IX and X the following special case of the lat- 
ter is readily deduced: 



t th i i pi tin t ! pum ^ y^ oy a pft ^ ' 



Theorem XI. dUjorder that 
'V a l ued funotion ^ ma y ^ ave p values, it is necessary and sufficient 
that there should be a substitution r, commutative with the group H 
^f 9'i ^f '^hich the p^^ power is the first to occur in H, 

Finally an extension of the last theorem furnishes the following 
important result: 

Theorem XII. If the series of groups 

G, (ti, G^^ G^, . , * Gv 

is so connected that every Ga-i can be obtained from the following 
Ga by the addition to the latter of a substitution r^ commutative 
with Gat ^f 'Which a prime power, the pj'^, is the first to occur in Ga, 
then and only then it is possible to obtain a p Pi'P2 - » - Pv-vabied 
function belonging to Gyfrom a p- valued function belonging to G by 
the solution of a series of binomial equations. The latter are then 
of degree Pi,p2,Pi, ,. ,pv, respectively. 

§ 111. In the expression of a given function in terms of 
another belonging to the same family, we have met with rational 
fractional forms the denominators of which were factors of the dis- 
criminant of the given function. If we regard the elements 
x^, X2, . . . x„ as independent quantities, as we have thus far done, 
the discriminant of any function 9? is different from zero, for the 
various conjugate values of (p have different forms. But if any 
relations exist among ihe elements x, it is no longer true that a dif- 
ference in form necessarily involves a difference in value. It is 
therefore quite possible that if the coefl&cients in the equations 

J \X) — X C-\X "] C2X ... i Cf, — \J 

ave assigned special values, the discriminant 
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some zero. It this were the case, could not be employed 

spresaioQ of other functions of the esme family. And it is 

ible that the discriminaDt of every function of a family 

'anish. It is therefore necessary, in order to remove tbia 

inty, to prove 

sorein XIII. If only no two x'e are equal, then wluitever 

lations may exist amoYig the x'a, there are in every family 

ts the discriminants of ivhich do not vanish. 

•oot might be given similar to that of § 30, It is' however 

mvenient to make use of the result there obtained, that 

le given conditions there are still ji!-valued functions of the 

suppose the a's and the a"'s to be free to assume imagin- 
iplex) as well as real values. This being the case, if the 
IS of v' are all different, we can select the coefficient o^, so 
moduli of the values of p are also all different. For if 

f^ = m, + iW^l (^ = 1, 2, . .-n), 
can take 

«'— p+^V — 1 ' 

a way that all the n\ quantities 

= ffx + "'=K+p) + (."* + g)V=l (J = 1.2,...n) 

ve different moduli. For from 

(m, +pf+ {.',^ + qf = {m. ■+ py+ (/«, + qf 
[ follow, if p and q are entirely arbitrary, that 

we can, for example, take p = <f and q so large that even 
ralues of q satisfy the conditions. 

pose then that the ^''^'s are arranged £11 order of the magni- 
' their moduli 

^''it l''ai V'a.    'I'm (mod. (''a > mod. <l'\ + \)- 
I then the integer e so great that 

>(A+,-+i''«„'+...+('.n (i=i,2,...(«i-i)). . 
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From every equation of the form 

it follows accordingly that a = a,6 = /S,c = ^,... If now we apply 
the r substitutions of G to 4'\% and add the results, the sum 

is a function of the required kind. For in the first place to is evi- 
dently unchanged by G, And in the second place the properties of 
the equation '^) show that w has p distinct values, and consequently 
J„ is not zero. 



CHAPTER VI. 



I 

THE NUMBER OF VALUES OF INTEGRAL FUNCTIONS. 

§ 112. Thas far we have obtained only ocasional theorems in 
regard to the existence of classes of maltiple- valued functions. We 
are familiar with the one- and two-valued functions on the one side 
and the n! -valued functions on the other. But the possible classes 
lying between these limits have not as yet been systematically exam- 
ined. An important negative result was obtained in Chslpter III^ 
§ 42, where it was shown that p cannot take any value which is not 
a divisor of n!. Otherwise no general theorems are as yet known 
to u^. We can, however, easily obtain a great nimiber of special 
results by the construction of intransitive and non-primitive groups. 
But these are all positive, while it ^s the negative results, those 
which assert the non-existence of classes of functions, that are pre- 
cisely of the greatest interest. 

The general theory of the construction of intransitive groups- 
would require as we have seen in § 101, a systematic study of iso- 
morphism in its broadest sense. We shall content ourselves there- 
fore with noting some of the simplest constructions. 

Thus, if there are n = a-{-b-\-c-{' . , . elements present, and 
if we form the symmetric or the alternating group of a of them, 
the symmetric or alternating group of b others, and so on, then on 
multiplying all these groups together, we obtain an intransitive 
group of degree n and of order 

r = £ a!6!c! . . ., 

where ^=1, iji?^?.-, according as the number of alternating 
groups employed in the construction is 0, 1, 2, 3, ... , the rest being^ 
all symmetric. For the number of values of the corresponding 
functions we have then 

w! 

p = , 

ea! bid . . . 
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By distributing n in different ways between a, 6, c, . . . , we can 
obtain a large number of classes of functions. For example, if 
n = 5, we may take 

a = 5; £ = 1, /M = 1; ^i = XiX2X2XiX^. 

a = 5; £ = J, />= 2; ^2 = {Xi — x<i)(xi—Xs)...{x^—X5) 

a = 4, 6 = 1 ; £ = T, ^ = 5; s^a = XiXiX^x^, 

a = 4:,b=l', s = ^, p = 10', <p^ = {x^ — x^{xi — a?3)(a?i — x^ 

\X2 X^) [X^ X^j \X^ X^) , 

a = 3, 6 = 2;. £ = 1,^ = 10; 9.h = x^x^^-\-X4,x^. 

a = 3, 6 = 2; £ = 1 ^==20; n = {x^—x^{xi—x.^{x2 — x^ 

<Pl — XiX^^ ~\- X^ U?5 . 

a = 3, 6 = 2; £ = J, /> = 40; ^g = (a^i — ^^2) (a^i— i^^s) (^2 -^^3) 

a = 3, 6 = 1, c = 1; ^ = 1, /> = 20; s^g = XjX2Xq, 

The imprimitive groups give rise in a similar way to the con- 
struction of functions with certain values. For example, for n = 6y 
we may take any two systems of non-primitivity of three elements 
each, 01; any three systems of two elements each, and with these 
construct various groups, the theory of which depends only on that 
of groups of degrees two and three. 

§ 113. General and fundamental results are not however to be 
obtained in this way. We approach the problem therefore from a 
different side, which permits us to give it a new form of statement. 

Given a /^-valued function c?, with a group 6r, , we construct again 
the «f amiliar table of § 41 : 

^i> ^1 —- J-> ^2) %) • » . Sf. ; (tj 

^a; ^3> ^2^35 «3'^3) . • • Sv'^a; ^1<^3 ^ 



We proceed then to examine the distribution of the substitutions of 

a given tjpe among the lines of this table. 

^ A) .There are n — 1 transpositions (x^Xa), (« = 2, 3, , . . n). If 
9 
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then p<n^ and if the group O^ of <pi does not contain any trans- 
position of the form {x^x,^^ these (n — 1) transpositions are distribu- 
tee! among, at the most, (n — 2) lines of the table. Aooordingly some 
line after the first must contain at least two of them. Suppose these 
two are 

«a^A = {XiX„) , 8fi(Ti, = (XiXft) . 

Then it appears thafc a combination of the two 

occurs in Gi . (Consequently, if /> < n, Gi contains either a transpo- 
sition or a circular substitution of the third order, including in 
either case a prescribed element x^ . The same is obviously true of 

^ny prescribed element x^. * 

fi(fi \\ 

B) There are ^ — ^ transpositions of the form (a;ai»^)> («=r/5 

= 1, 2, . . . w). If therefore p <_ ^ — ^ , and if the first line of the 

table does not contain any transposition, then some other line con- 
tains at least two. If these have one element in common, as (xaXp), 
{XaXy), then, as we have seen in A), their product {XaX^Xy) occurs in 
Gi . If they have no element in common, as (XaXp), (XyXi), then 
their product {xaXfi){XyX6) also occurs in G,. In either case Gi 
therefore contains a substitution of not more than four elements. 

C) There are (n — 1) (n — 2) substitutions of the form {xiXaXfi)y 
(a4=^ = 2, 3, . . . n). If therefore f'<^(n — 1) (n — 2), and if G, con- 
tains no substitution of this form, some other line of the table con- 
tains at least two of them. A combination of these shows that Gi 
contains substitutions which affect three, four, or five elements. 

Proceeding in this way, we obtain a series of results, certain 
of which we present here in the following 

Theorem !• 1) // ^^ number p of the valties of a function 

is not greater than n — 1, the group of the function contains a syb- 

stitution of, at the most, three elements, including any prescribed 

n(n — 1) 
element 2) If r is not greater than -^^-^ — -j the group of the 

function contains a substitution of, at the most, four elements. 3) 

n(n — l)(n — 2) ^^ ^ ^^ ^ ., 

If P is not greater than — -^ , the group of the function 
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« 

contains a subatitution of^^ at the mostj six elements. 4) If pis not 

^ ^, n(n — l)(n — 2) . . . (w — k4-l) ^^ -^, ^ 

greater than — — ^ ^^  — -, the group of the func- 

K 

tion contains a substitution of at the most^ 2k elements, b) If p is 
not greater than {n — 1) {n — 2) . . . (n — A:-f-l)) the group of the 
function contains a substitution of at the most, 2k — 1 elements, 
including any prescribed element, so that the group contains at least 
n 



2k— 1 



such substitutions. 



By the aid of these results the question of the number of values 
of functions is reduced to that of the existence of fi^roups contain- 
ing substitutions with a certain minimum number of elements. 

§ 114 In combination with earlier theorems, the first of the 
results above leads to an important conclusion. 

From Chapter IV, Theorem I, we know that the order of an 
intransitive group is at^the most (n — r 1) I . Consequently, the num- 
ber of values of a function with an intransitive group is at least 

n\ 

7 ^p— = n. For such a function therefore p cannot be less than w. 

{n — 1)! 

Again, the order of a non-primitive group is, at the most, 2! i -^ I I , 

so that the number of values of a function with a non-primitive 

n\ 
group is at least '- . For n = 4, this number is less than n\ 

2'— '— » 
2* 2' 

but for n > 4, it is greater than w. For such a function then, if 
n>4:, P cannot be less than n. Again for the primitive groups it 
follows from Chapter lY, Theorem XYIII, in combination with the 
first result of Theorem I, § 113, that if p <n, the corresponding 
group is either alternating or symmetric, that is, p = 2 or 1. The 
non-primitive group for which n = 4, /> = 4, r = 8 is already known 
to us, (§46). We have then 

Theorem II. If the number p of the values of a function is 
less than n, then either p = l or p = 2, and the group of the func- 
tion is either symmetric or alternating. An exception occurs only 
for n = 4, /) = 3, ?• = 8, the corresponding group being that belong- 
ing to XiX2-\-x^x^. 
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§ 115. On account of the importance of the last theorem we 
add another proof based on different grounds. * 
Suppose ^ to be a function with the ft <n values 

If we apply any substitution whatever to this series, the effect will 
be simply to interchange the p values among themselves. If in 
particular the substitutions applied belong to the group G^ of <pi , 
then the p values will be so interchanged that <Pi retains its place. 

All the r = — ^ > (w — 1) ! substitutions of G, therefore rearrange only 

the p — 1 values ^2> S^3> • • • ^p- Since /> < n, there are at the most, 
only (/o — ] ) • ^ (w — 2) ! such rearrangements. Consequently among 
the r> {n — 1)! substitutions of G^ there must be at least two, a and 
r, which produce the same rearrangement of s^2? ^8> • • • ^p- Then 
<rr~Ms a substitution different from identity, which leaves all the 
<p*s unchanged, that is, which occurs in all |;he conjugate groups 
Gi, G2, . . . Gp, But if n > 4 there is no such substitution (Chapter 
III, Theorem XIII). Consequently />/in. 

§ 1 16. Passing to the more general question of the determina- 
tion of all functions whose number of values does not exceed a given 
limit dependent on n, we can dispose once for all of the less impor- 
tant cases of the intransitive and the non- primitive groups. For 
the purpose we have only to employ the results already obtained in 
Chapter IV. 

In the case of intransitive groups we have found • for the maxi- 
mum orders: 

ft 

1) r = (n — 1)! . Symmetric group of n — 1 elements. /> = n. 

ifi 1)1 

3) r= -o - . Alternating group of n — 1 elements. /> = 2 n. 

3) r = 2 ! (n — 2) ! . Combination of the symmetric group of n — 2 

n(n — 1) 
elements with that of the two remaining elements, p = ^ . 

4) r = {n — 2) ! . Either the combination of the alternating group 
of n — 2 elements with the symmetric group of the two remaining 
elements; or the symmetric group of n — 2 elements. In both cases 
f, = n(n — 1). Etc. 

* L. Kronecker: Monatsber. <l. Berl. Akacl. 1889, p. 211. 



I 



n 
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JFor the non-primitive groups we have 

1) r = 2 ! 1 -^ ! I . Two systems of non-primitivity containing each 

X- elements. The group is a combination of the symmetric groups 

of both systems with the two substitutions of the systems them* 

n\ 
selves, p = — ' . For n = 4, 6, 8, ... we have /> = 3, 10, 35, . . . 

2(1-!^ 

2) ^' = 3! ( -K-! I . Three systems of non-primitivity. The group 

is a combination of the symmetric groups of the three systems with 

n\ 
the 3! substitutions of the systems themselves, p = — — -. For 

n=6,9,12,... we have /> = 15, 280, 5770, . . . '*V3 V ' 

3) r = 3 ( -^! j . As in 2), except that only the alternating group 

nl 
of the three systems is employed, p = ' For n = 6, 9, 12,. . . 



we have p = 30, 560, 11540, . . . ^l 3 V 

The values of p increase, as is seen, with great rapidity. 

§ 117. In extension of the results of § 113 we proceed now to 
examine the primitive groups which contain substitutions of four, 
but none of two or of three elements. 

Such a group G must contain substitutions of one of the two 
types 

The presence of Sj requires that of 82^ = (x^Xc) {x^Xa), which belongs 
to the former type. Disregarding the particular order in which the 
elements are numbered, we may therefore assume that the substitu- 
tion 

occurs in the group G. 

We transform ^5 with respect to all the substitutions of G and 
obtain in this way a series of substitutions of the same type which 
connect Xi,X2,x^, x^ with all the remaining elements (Chapter lY, 
Theorem XIX). The group G therefore includes substitutions 
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similar to s^ which contain besides some of the old elements 
x,,Xi,Xj,Xi other new elements ar,, iC,, x,, . . . 

This can happen in three different ways, according as one, two, 
le oi the old elements are retained. Noting again that it is 
le nature of the connection of the old elements with the new, 
) order of designation of the elements that is of importance, 
ognize that there are only five typical cases: 
{x,Xi) {x>Xi\ (xjX,) (a^c,), 
(iCiiCs) (a;^,), {x,Xi) (x^,), 
{x,Xi) {x,x,). 
< first case, for example, it is indifferent whether we take 
{x,x^){x,Xi), {x,x.,)ix,x,), (x,x,){x,x,), {x,x,) {x^^y, 
the last we may replace x,hj x„Xt, or x,, etc. 
e first and fifth oases are to be rejected, since their presence 
)nce fonnd to be inconsistent with the assmned character of 
Qup. Thus we have 

{x,x^) (x^,)  (x,x^} (x,x;} = (x,x,x^, 
[ixyx^ {x^^ - {xyx^ (a;^i)]' = ix,x^,), 
suiting substitutions in each case being inadmissible, 
ere remain therefore only three cases to be examined, aooord- 
Q contains, beside s^, one or the other of the sabstitutions 

{XyX,) iX^i), 

{x,x^) (a:^,), 

(a:,a:,) (a^r,), 
rst case involving one new element, the last two cases two 
lements each. 
118. A) The primitive group Q contains the snbstitations 

s, = (a;,a;a) (x^,), s.- (x^x^) (x^^), 
inseqnently also 

( = 8584 = {x^x-je^^i), s, — (Sjt"' = (a!ja^) (a;,a;s). 
( is a circular substitution of prime order 5, it follows from 
Corollary I, that if n^l, is at least three-fold transitive. 
Q must contain a substitution u, which does not affect x^ bat 
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replaces X2 by Xf^ and 073 by Xt. If we transform ^g with respect to 
this substitution, we obtain 

If Xa is contained among X2,x^,Xi,x^, then s' and 81 have only 
one element in common and if Xa is contained among a^g, a?9, . . « 
then s' and $5 have only one element in common. Both alternatives 
therefore lead to the rejected fifth case of the preceding Section. 

If n>l, G becomes either the alternating or the symmetric 
group. There is in this case no group of the required kind. 

For n = 4 it is readily seen that there are two types of groups 
with substitutions of not less than four elements, both of which are 
however non-»primitive. 

Groups of the type A) therefore occur only for w = 5 or n = 6. 

For n = 5 we have first the group of order 10, 

If we add to 6?! the substitution ff = (xiX^x^x^), we obtain a second 
group of order 20 

The latter group is that given on p. 39. Gi and G2 exhaust all the 
types for n = 5. 

For w = 6 we obtain a group Gi of the required type by adding 
to G2 the substitution (xiXq) {x<^^. Since G^ is of order 10, the 
transitive group G^ must be at least of order 60 (Theorem II, 
Chapter IV). And again, since {xiX^ {x^x^tr = t = {xiX^x^x^^x^^ 
we may write (r^ = \t^<y^r\. We find then that 

rt = ^ V, ' T^ = f<TT\ 

Consequently from*§ 37, it follows [that G4, is of order 120. 

The 60 substitutions of G4, which belong to the alternating group 
from another group of the required type 

Oi=\G^,{x^x^{x2X^)\, 

§ 1 19. B) In this case G contains 

and consequently the combination 
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These three substitutions are not sufficient to eonneot the six ele- 
ments a?], a?2, . . . a?6 transitively, there being no connection betweeii 
0^3, Xi and Xi,X2,x^,Xq. The group must therefore (§ 83) contain 
another substitution of the type (xaXp) (XyXn) which connects 
^n ^2 9 ^5) ^6 with other elements. If this substitution should con- 
tain three of the elements Xi,X2,x^,XQ and only one new one, it 
would have three elements in common with v. This would lead 
either to to the type A) or to the rejected first case of § 117. If 
the new substitutions contained only one of the new elements 
^19 ^3 9 ^5 9 ^n &i^<l three new ones, then we should have the fifth case 
of § 117, and this is also to be rejected. 

There remains only the case where the new substitution connects 
two of the elements o^i , a?2, a?5, Xf^ with two others. It must then be 
of one of the forms 

{XiX„) (XiXj,), {XiX„) (x^Xt), {XiX„) (Xf^Xt), 

Of these the first, third, fourth and sixth stand in the relation 
defined by C) to r, while the first, second, fifth and sixth stand in 
the same relation to v. 

All the groups B) therefore occur under \ either A) or C), and 
we may pass at once to the last case. 

§ 120. C). In this case the required group contains 

We consider first the case n = 6. 

The elements Xi,X2,x^ are not yet connected with Xs,Xi,x^. 
There must be a connecting substitution in the group of the type 
(XaXp) (XyXB), where we may assume that Xa is*contained among the 
the three elements Xi,X2jX^. If Xa were X2 or x^, then we should 
obtain, by transformation with respect to ^i or (T2, a substitution 
{xiXb) (XcXa), SO that we may assume a = 1. The possible cases are 
then 

(a) (iTiO^j) (x^x^), (xiX^) {X2X^), (XiX^) (xiX^) m = 3, 4, 6. 

(/5) (xiX^) {XnX^)y mynyp = 3, 4, 6. 

(r) i^iix^m) (i»2a?«)9 (ooix^) (x^x^), m, n = 3, 4, 6. 
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The substitutions of the firet and second lines are to be rejected, 
since their products with t^i, (Tg, tr^ lead to the first case in § 117, or 
directly to substitutions wtth only three elements. There remain, 
for the different values of m and n, only the following cases: 

{XjX^} (a?2^4), {OCiX^) {X2Xi), 

{XyXi) \x^q)^ yp^v^i) v*^2^3/> 

{XiX^) {X^q), \XiXq) {X2X^), 
(XiXs) \X^X^), {XiX^) (x^x^j, 

[x^x^) (a^sXe), (^XiX^) {x^Xi)y 

\XiXi) yXfiX^Jj \XiXq) (X^Xi). 

The second and fourth lines and the third and sixth must be rejected, 
since their substitutions have three elements in common, the former 
with <rj , the latter with ^3. The first line stands in the same relation 
to <rj as the fifth to (^2- We need therefore consider only the fiirst 
line. The product of either of its sub^itutions by ^i gives the 
other. The required group therefore contains beside ^^i, ^2, (t^ also 

The group generated by these four substitutions 

is of order 24 It is non-primitive, the systems of non-primitivity 
being Xi,Xz;-X2,x^; and x^^Xq, It can also be readily shown 
that there is no primitive group G^ of the required type which con- 
tains ff'. 

jTor n = 6 there are only two groups of the required type. These 
are the groups O^ (r = 60) and G4, (r = 120) of § 118. 

§ 121. If the degree of the required group is greater than 6, 
the indices m, n, p of the lines a), ^), y) in the preceding Section 
have a correspondingly larger range of values. It is again readily 
seen, however, that the three cases a) are inadmissible. But (fi) 
(y) both give rise to groups which satisfy the required conditions. 
The actual calculation shows that in every case a proper combina- 
tion of the resulting substitutions gives a circular substitution of 
seven elements. Consequently the group G is at least (n — 6)-fold 
transitive (§ 83). 
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If then n^9, (t is at least three-fold transitive, and therefore 
contains a sabstitution which does not affect Xi, bnt interchanges X2 
and x^. If we transform (t^ with respect to this substitution, we 
obtain 

and since <rj has three elements in common with <t, either we have 
the case A), or x^ = Xi and (t^ is equal to the ^r^ of the preceding 
Section. 

In the latter case the subgroup which affects a?i, a?2, . . . o^g is 
itself at least simply transitive* Combining with this group the cir- 
cular substitution of seven elements we obtain a two-fold transitive 
group. Consequently (§84) G is at least (n — 5) -fold, and for 
w>_9, at least 4 -fold transitive. G contains therefore the sub- 
stitutions 

T =: (a^i) yx^fc^) {x^x^ • • • ) ? 

T-^6^r = {x^x^{x^^^ 

so that we return in every case to the type A). For n>9 there is 
therefore no group of. the required type. 

Theorem III. If the degree of a group, which contains 
substitutions of four, but none of three or of two elements, exceeds 
8, t?ie group is either intransitive or non-primitive. 

Combining this result with those of § 113 and § 116, we have 

Theorem IV. If the number p of the values of a function 
is not greater than in{n — 1), then if n>8, either 1) p = iw(n — 1), 
and the function is symmetric in n — 2 elements on the one hand 
and in the two remaining elements on the other, or 2) p = 2w, and 
the function is alternating in n — 1 elements, or S)p = n,and 
the function is symmetric in n — 1 elements, or 4) jO = 1 or 2, and the 
function is symmetric or alternating in all the n elements,* 

§ 122. We insert here a lemma which we shall need in the 
proof of a more general theorem, f 

From § 83, Corollary EE, a primitive group, which does not 
include the alternating group, cannot contain a circular substitution 

"Cauchy: Journ. de I'Ecole Polytech. X Gahier; Bertrand: ibid. XXX Gahier; Abel: 
Oeuvres completes I, pp. 13-21; J. A. Serret: Journ. dePBcole Poiytecb. XXXII Oahler; 
C. Jordan: Traits etc., pp. 67-75. 

+ C. Jordan : Trait6 etc .. p . 664. Note C. 
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o 

of a prime degree less than -^ . If p is any prime number less 

2n 
than -Q- , and if p^ is the highest power of p which is contained in 

n!, then the order of a primitive group Q is not divisible by p^. 

For otherwise G would contain a s\ibgroup which would be similar 

to the group K of degree n and order p^ (§ 39). But the latter 

group by construction contains a circular substitution of degree p, 

n\ 
and the same must .therefore be true of G. Consequently /» = — • 

must contain the factor p at least once. 

What has been proven for p is true of any prime number less 

than -s- and consequently for their product. We have then 
o 

Theorem V. If the group of a function with more than 

two values is primitive, the number of values of the function is a 

multiple of the product of all the prime numbers which are les^ 

2w 
than -5-. 
o 

§ 123. By the aid of this result we can prove the following 

Theorem VI, If k is any constant number, a function of 
n elements which is symmetric or alternating with respect to n — k 
of them has fewer values than those functions which have not this 
property. For small values of n exceptions occur, hut if n exceeds 
a certain limit dependent on k, the theorem is rigidly true,^ 

If ^ is an alternating function with respect to. w — k elements, 
the order of the corresponding group is a multiple of i{n — k)\, and 
the number of values of the function is therefore at the most 

A) 2n{n—l)(n-2)...{n—k + l). 

If ^ is a function which is neither symmetric nor alternating in 
n — k elements, it may be transitive with respect to w — A? or more 
elements. But in the last case </' must not be symmetric or alterna- 
ting in the transitively connected elements. 

We proceed to determine for both cases a minimum number of 

•C Jordan : Traits etc., p. 67. 
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Tallies of ip, and to show that if n is sufficiently large, this mmi 
mom is greater than the maximnm anmber of valaea A) of f. 

§ 124 Sappose at first that 4' is transitiTe in less than n — fc 
nents. Then the order of the corresponding group is a divisor 

i;\X^\ i,i... where ^, + -*,+'»,+ ... =» {K<n—k). 
a product is a maximiim when one of the i-'s is as large as. pos- 
e, t. «., equal to n — k — 1, and a second X is then also as large 
possible, i. e., eqoal to fe+1. It is farther necessary that 
 1 > M — k i. e., n> 2k + 1. The mazimnm order of the groap 
onseqaently 

(n—k— 1)1 (k+ll, 
1 the minimnm number of values of <!■ is 

^!_ _ «(«-l)(«-2)...(»-fc) 

(„_&—!)!(&+ 1!) 1.2.3-...{fc+l) 

ippears at once that the minimum B) exceeds the maximum A), 
toon as 

n>.k + 2{k + iy. 
is is therefore the limit above which, in the first case, the theo- 
m admits of no exception. 

§ 125. In the second case ^ is transitive in n — i elements 
■_k), but it is neither alternating nor symmetric in these ele- 
cts. The group Q of i,'- is intransitive, and its Bubstitations 
therefore products each of two others, of which the one set 
jj, . . . connect transitively only the elements x,,Xi, . . . a:„_., 
le the other set ^,,■^1, . . . connect only the remaining elements 

The snbstitations of the group G of ^' have, then, the product 

)re, however, one and the same a may occur in combination with 
erenl I's. It is easily seen that all the a'a occur the same num- 
of times, so that the order of the group G is a multiple of that 
the group S = [t, , Jj , . • . ]. 
We will show that 2 is neither alternating nor symmetric; oth- 
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erwise G would be alternating or symmetric in n — z elements^ 
which is contrary to assumption. If the group ]S were alternating^ 
it would be of order J(w — x)\, • This exceeds the maximum num- 
ber x\ of the order of the group r= [^i, ^2* • • • ] oi x elements, 
as soon as n>2k. Consequently G contains substitutions (t^t^, 
^fiTp, in which Tg, = Tp but (fa'y'^p, and therefore substitutions 
^aTa (<'■^T/3)~^ = ^a*^p~^ which affect only the elements a?, , iCa, . . .aj^-ic 
of the first set. The entire complex of these substitutions forms a 
self-conjugate subgroup H of G, This subgroup is unchanged by 
transformation with respect to either G or 2, since r^, t^, ... have 
no effect whatever on the substitutions of H. H is therefore a self - 
conjugate subgroup of the alternating group ^ , and must accord- 
ingly coincide with 2 (§ 92). jff = S is therefore a subgroup of 6r, 
and il' would, contrary to assumption, be alternating in n — x ele- 
ments. 

§ 126. The maximum order of the group G is therefore equal 
to the prpduct of x! by the maximum order of a non- alternating 
transitive group of n — x elements. We denote the latter order 
by R{n — x). Then the minimum number of values of is 

n! __ {n — x)! n{n — 1) . . . (n — x-f-l) 

x\R{n — x) R{n — x) x\ 

We have now still to determine R{n — x), the maximum order of 

a non- alternating transitive group of n — x elements, or -^. ^ , 

the minimum number of values of a non- alternating transitive 
function of n — x elements. 

If this function is non-primitive in the n — x elements, it follows 
that the minimum number of values is 

C.) (n-.)! _ />^-'')(n-^-l)--(y+l) 

2T[H«-'')]!r * tin—)]! 

Substituting this value in C) we obtain for the minimum number of 
values of *!' 

n{n — 1). . . (w — x-[-l) {n — x) . . . I — 1-1 \ 

^'•^ * .![Mn-^)]! 
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We compare this anmber with the maxmrnm number A) and 
irtiether, abore a oeitBin limit for n, (7,) beoomee greats 
), 1^ «., whether 



«(.-l)...(«- 


' + 


)(»- 


.)...( 


~r 


+ lj 




>4.|l=i 


!»(, 


-!)• 


.(»- 


"+i 






fieieiitly large n we 


have 


(^ 


+0 


<n- 


-* + l. 


Weliare 


re to prove that 















(„_fc) („_!,_ 1) ... (!L^+ 1) > 4.. !Lj-;. 
shown at onoe, if we write the right hand membei in the 

(4.![*— ]I)([2=!][^-l]...[*-. + l]). 

» first factor ia constant as n increases, and the ratio of tiie 
id member to the second parenthesis has for its limit 

»+«  
2 ' 

!7. Finally, if the function ^ of the n — )£ elements ispi-im- 
e recnr to the lemma of § 122. From this it follows that 
imumanmber of valneB of (i is the prodnet of all the prime 
8 less than § (n — j). We will denote this product by 

xjing it in C), we have 



,[.(^]„(n-.)...(.-. + l) 



have then to show that, for sufficiently large values of n, the 
.) is less than C,), i. e., that 

p[2{n-^j ^ 2.l(M-.) (,i-.-l) . . . {n-k+V). 

ht hand member of this inequality will be greatly increased 
eplace every n — ^ — a by the first factor n^^. There are 
[ictors of the form m — ' — a. These will be replaced by 
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(n — x)*"*. If we write then v = -^^-^ — -^ we have only to prove 
that for sufficiently large v, 

or 

p!->[2(ir''^i]. 

This can be shown inductively by actual calculation, or by the 
employment of the theorem of Tchebichef , that if >^ > 3, there is 
always a prime number between y and 2v — 2. 

For we have from this theorem 

P(2.)>vP(v), 

(»/)*-< = 2*-* v*-* 

P(2w) P(v) V 



>-ir=: 



(2v)*-- ^ v*-*^ 2*-''* 

Now whatever value the first quotient on the right may have, we 
can always take t so great that the left hand member of 



P(2^) P(v) 



l2*-J 



increases without limit, if only v is taken greater than 2^'". The 
proof of the theorem is now complete. 

The limits here obtained are obviously far too high. In every 
special case it is possible to diminish them. As we have, however, 
already treated the special cases as far as /o = \n{n — 1), it does not 
seem necessary, from the present point of view,^to carry these inves* 
tigations further. 



k 



CHAPTER VII. 



CERTAIN SPECIAL CLASSES OF GROUPS. 

§ 128. We recur now to the results obtained in § 48, and 
deduce from these certain further important conclusions.'!' 

Suppose that a group G is of order r =p'^m, where p is a prime 
number and m is prime to p. We have seen that G contains a sub- 
group H of order p'^. Let J be the greatest subgroup of G which 
is commutative with H. J contains H, and the order of J is there- 
fore pH, where i is a divisor of m and is consequently prime to p. 

Excepting the substitutions of H, J contains no substitution of 
an order p^. For if such a substitution were present, its powers 
would form a group L of order p^. But if in A) of § 48 we take 
for 6ri, Hi, Ki the present groups J, L, K, then since (Ty-^H(Ty = H, 
we should have 

pH _p^ .p^ 

I ~j I • • • 



p* di d 



2 



The left member of this equation is not divisible by p. Conse- 
quently we must have in at least one case dy = p^, that is, L is con- 
tained in (Ty~^H(Ty = H, 

Again, every subgroup M of order p* which occurs in G is 
obtained by transformation of H, For if we replace (?, , H^, Ki of 
A) § 48 by G, H, M, we obtain 

p"t_p* p" 

and for the same reason as before dy—p**^ in at least one case, and 
therefore M=(Ty~ ^Hffy . Since H^ as a self -conjugate subgroup of J, 
is transformed into itself by the pH substitutions of J, it follows that 
there are always exactly pH substitutions of G which transform H 

into any one of its conjugates. There are therefore -;- of the latter. 



•L. Sylow: Math. Ann. V. 584-94. 
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FinaUy, if we replace G, H, , K^ of A) § 48 by G, J, H, we 
have 

r _ p'^m __ pH ^^pH . 

J l" ~~3 t" • • • 



Since^ Ifi is contained in Ji , we must have d^ =p*, and since J con- 
tains no other substitutions of order jp^, no other d can. be equal to 
p*. It follows that 

r = pH(kp + 1), m = *(Ajp + 1). 

The ^oup H has therefore A;p + 1 conjugates with respect to G, 
We have then the following 

Theorem I. If the order r of a group G is divisible by p* 
but by no higher power of the prime number p, and if H is one of 
the subgroups of order p°- contained in G, and J of order pH the 
largest subgroup of G which is commutative vnth H, then the order 

of G is 

r=p°'i{kp-\-l). 

Every subgroup of order p* contained in G is conjugate to H, Of 
these conjugate groups there are kp-\-l, and every one of them, 
can be^ obtained from H by pH different transformations. 

§ 129. In the discussion of isomorphism we have met with tran- 
sitive groups whose degree and order are equal. In the following 
Sections we shall designate such groups as the groups i2. 

If we regard all simply isomorphic transitive groups, for which 
therefore the orders r are all equal, as forming a cla^s^ then every 
such class contains one and only one type of a group ^ (§ 98). The 
construction of all the groups ^ of degree and order r therefore 
furnishes representatives of all the classes belonging to r, together 
with the number of these classes. The construction of these typi- 
cal groups is of especial importance, because isomorphic groups 
have the same factors of composition, and the latter play an impor- 
tant part in the algebraic solution of equations. 

One type can be established at once, in its full generality. This 
type is formed by the powers of a circular substitution. A group il 
of this type is called a cyclical group, and every function of n ele- 
ments which belongs to a cyclical group is called a cyclical function. 
10 



•146 THEOBT OP SUBSTITUTIONS. 

We limit oarselves to the consideration of oyolioal groups of 
prime degree p. 11 8= (a?, a?2 • • • ^p)f and if w is any primitive p**^ 
root of unity, then 

is a cyclical function belonging to the group G^ = [1, «, s", . . . «^-*]. 
For ^ is converted by «• into 

= {Xi + wX2+ . . . -^a,P-'x;)'' = ^, 

SO that ^ is unchanged by the substitutions of O. 

Moreover, if for any substitution t, which converts every Xa into 
.Xf^, we have ^, = ^i, and consequently 

.then, if the a?'s are independent elements, it follows that 

tJonseqUeJitly ^^ = ^ + /5, that is, the substitution t replaces a?, , ajj. . . , 
hj Xi^fi,X2^fiy . . »;t is therefore contained among the powers of «, 
and ^ belongs to the group G. It is obvious that for r=p, the 
group O furnishes the only possible type Q. 

§ 130. We proceed next to determine all types of groups Q of 
degree and order pg, where p and q are prime numbers, which for 
the present we will assume to be unequal, p being the greater. 

1) One type, that of the cyclical group, is already known to us. 
It is characterized by the occurrence of a substitution of order pg. 

2) If there are any other types, none of them can contain a 
substitution of order pq, since this would lead at once to 1). The 
only possible orders are therefore p, g, 1. A substitution 8 of order 
p is certainly present. This and its powers form within ^ a sub- 
group H of order p. If i2 contains any further subgroups jET of 
order p, their number must be xp -f- 1, where z > 0. These sub- 
groups would have only the identical substitution in common* 
They would therefore contain in all 

(p-l)(px+l) + l=p[(p-l)x + l]>pg 

substitutions. This being impossible, we must have x = 0. 
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The subgroup ff contains only p substitutions; the rest are all 
of order q. Their number is 

pq—p={q—l)p. 

There are therefore p subgroups of order g, and consequently from 
Theorem I we must have 

that is, q must be a divisor of p — 1. Only in this case can there 
he any new type fi. 

3) The group ff is a self-conjugate subgroup of ^. Ck)nse- 
quently every substitution t of order q must transform the substitu- 
tion 8 ot H into 8^*, where a might also be equal to 1. We write 

a //*. 1/y. 1 T ^\ (^ '^'Y* ^ ^ ^\ ('Y* 9'V 5 'T* ^\ 

o — l«*'j •*^2 • • • •*^f> / \**'l **^2 • • • *^p / • • • \**'l **'2 • • • •*'« /) 

(where the upper indices are merely indices, not exponents). Then 
no cycle of t can contain two elements with the same upper index. 
For otherwise in some power of t one of these elements would 
follow the other, and if this power of t were multiplied by a proper 
power of 8, one of the elements would be removed. 

With a proper choice of notation, we may therefore take for one 
cycle of t 

I il/j •f'J «*/j . • « iCj I. 

It follows then from 

t-'8t = 8'' 

that t replaces ajg* by x„^i^'^', x^ by a?2«+i*^S . . . o^a+i* by 
iCa«+i*"'"S ... so that we have 

If now the latter cycle is to close exactly with the element a?a„«-i+i*, 
we must have 

aa«+l^a + l, a«^l (mod.p). 

The solution a = 1 is to be rejected, for in this case we should have 

V ^^ \Xi •*'l . • • X-^^ J \*^2 '*'2 ... •*'2 / • • * \ 1> J> . • • •*'i> /) 
St — \*^l •*'2 • • • *^q **^q + 1 «*'j[ ^-2 ».•/••.> 

so that the latter substitution would contain a cycle of more than q 
elements, without being a power of 8. 
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It follows then from the congraence a'^1 (mod. p) that g is a 
divisor of jp — 1, as we have already shown; further that a, belong- 
ing to the exponent g,has q — 1 values ai, a2, . . . a,_i; finally that 
all these values are congruent (mod. p) to the powers of any one 
among them. From t~^8t = 8'* follows 

v ov — 8 f V 8v — 8 . . • • 

SO that, if 8 is transformed by t into any one of the powers s^'a, there 
are also substitutions in i2 which transform « into «*i, «*2, . . . s"?-i. 
Accordingly the particular choice of ax has no influence on the 
resulting group, so that if there is any type ^ generated by substi- 
tutions 8 and U there is only one. 

The group formed by the powers of t being commutative with 
that formed by the powers of 8, the combination of these two sub- 
stitutions gives rise to a group exactly of order pq. The remaining 
pq — p — q-\- 1 substitutions of the group are the first g — 1 powers 
of thep — 1 substitutions conjugate to t 

s-P + Hs^-' = (V W • • • V) • • • . (/5 = 2, 3, . . . p). 
If p and q are unequal^ tve have therefore only one new type ^. 

§ 131. Finally we determine all types of groups ii of degree 
and order p\ 

1) The cyclical type, characterized by the presence of a substi- 
tution of order p\ is already known. 

2) If there are other types, none of them can contain a sub- 
stitution of order pi There are therefore in every case p^ — 1 sub- 
stitutions of order p and one of order 1. If s is any substitution 
of ^, and t any other, not a power of s, then ii is fully determined 
by 8 and t For all the products 

s^'i* (a,6 = 0, 1,2, ...p— 1) 

are different, and therefore 

i2 = [8«f ] (a, 6 = 0, 1, 2, . . .p — 1). 
We must have therefore 

ts = s^t^i, fs = s^.i% . . . 1^-^8 = 8^^ H^J'-i. 
If now two of the exponents d are equal, it follows from 
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that 

(rs)-'(f s) = 8-'if8 = {sH')'\8^r) ■= ty. 

Since for if we may write t, it therefore appears that Q contains s 
substitution t which is transformed bj 8 into one of its powers t*i. 

The same result holds, if all the exponents d are different. For 
one of them is then equal to 1, since none of them can be 0, and 
from rs = s^* follows 8-^t"8=:t^. 

3) There is therefore always a substitution 

which is transformed by 8 into a power of itself t\ As in the pre 
ceding Section, we may take for one cycle of s 

I 

Then from 8~H8 = if* follows 

8 = \Xi Xi , , , Xi J {X2 Xfn _j_ 1 Xfjfi -J- 1 ... XffP ~ ^ + 1 •••}••• 

If the second cycle is to close after exactly p elements, we must 
have 

a^ + l=2, a^=l (modjp). 

This is possible only if a = 1. Accordingly 

8 — \**'i X^ ... X-^ J \p*^2 *^2 • • • *^2 / • • • \*^p *^p * * ' p )' 

Thep + 1 substitutions 

are all different and no one of them is a power of any other one. 
Their first p — 1 powers together with the identical substitution 
form the group Q. 

Summarizing the preceding results we have 

Theorem II. There are three type8 of group8 fi, for which 
the degree and order are equal to the product of two prime num- 
ber8: 1) The cyclical type, 2) one type of order pq {p>q)y 
3) one type of order p\ The fir8t and third type8 are alway8 pres^ 
ent', the 8econd occur 8 only when q i8 a divi8or of p — 1. 

§ 132. We consider now another category of groups, character- 
ized by the property that their substitutions leave no element, or 
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only one element, or all the elements onobanged. The degree of 
the groups we assume to be a prime number p. 

Every substitution of such a gronp is regular, i. e,y is composed 
of equal cycles. For otherwise in a proper power of the substitu- 
tion, difiPerent from the identity, two or more of the elements would 
be removed. 

The substitutions which affect all the elements are cyclical, for p 
is a prime number. From this it follows that the groups are tran- 
sitive, and again, from Theorem IX, Chapter lY, that the number 
of substitutions which affect all the elements is p — 1. We may 
therefore assume that 

and its first p — 1 powers are the only substitutions of p elements 
which occur in the required group. 

The problem then reduces to the determination of those substi- 
tutions which affect exactly p — 1 elements. If t is any one of these, 
then t~^8t, being similar to 8, and therefore affecting all the ele- 
ments, must be a power of a 

where every index is to be replaced by its least positive remainder 
(mod p). Since it is merely a matter of notation which element is 
not affected by f, -we may assume that x^ is the unaffected element. 
It follows that 

If now g IB B primitive root (mod. p), then all the remainders 
(mod. p) of the first p — 1 powers of g 

G) g\g',^,...g^-\g^-' = l (mod. p) 

are different, and we may therefore put 

m^g'*' (mod. p). 

We will denote the corresponding thjt^. It appears then that f^ 

P—1 
consists of fi cycles of =- elements each. For every cycle of t^^ 

doses as soon as 
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am*+l = a+l, 

and this first happens when z = ^ . 

If there is any further substitution tp which leaves x^ unchanged 
and which replaces every a?„+j by a?a/+i, then *^*^/ replaces every 
aJa+i by Xagati+fiv,^^, If now we take a and fi so that afi-\-^v is 

congruent (mod p) to the smallest common divisor o) ol fi and v^ 
we have in 

**) ^-- *ii. *v 

a substitution of the group, of which both t^ and t^ are powers. 

Proceeding in this way, we can express all the substitutions which 

leave x^ unchanged as powers of a single one among them t^^ 

where g^ is the lowest power of gr to which a substitution t of the 

group corresponds. 

p—1 
The group is determined by 8 and fcr- Since t^r is of order , 

it follows from Theorem II, Chapter lY, that the group contains in 

pip — 1) 
all iLi£. L substitutions, (t may be taken arbitrarily among the 

divisors of p — 1. 

§ 183. To obtain a function belonging to the group just con- 
sidered, we start with the cyclical ftmction belonging to 8 

where <o is any primitive p^ root of unity. Applying to ^i the 
successive powers of t^y, we obtain, 

* • • . • . • • . • • • • •»• • • 

The powers of 8, forming a self -conjugate subgroup of the given 
group, leave all the ^'s unchanged. The powers of t^, and conse- 
quently all the substitutions s^'^cr^ of the group, merely permute the 
^'s among themselves. Every symmetric function of 
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is therefore unchanged by every sabstitation of the group. Ac- 
cordingly if 4' is any arbitrary quantity, the function 

¥„ = {4>—<l'i) (<f'—<f'i) . . . {<f>—</'p-i) 

is unchanged by all these substitutions and by no others. W^ there- 
fore belongs to the given group. 

§ 134. If, in particular, we take <t = 1, the order of the group 
becomes p{p — 1). The substitution t^ is then of the form 

containing only one cycle. The group is therefore two-fold transi- 
tive (Theorem XIII, Chapter IV). A group of this type is called a 
metacyclic group, and the corresponding function ^i a metacyclic 

function. 

vip — 1^ 
If <r = 2, the order of the group is -^^^ — ^, and t^ is of the 

form 

The indices in the first cycle, each diminished by 1, are the 
quadratic remainders (mod. p); a is any quadratic non-remainder 
(mod. p). The group is in this case called half 'metacyclic group 
and the corresponding function ^r a half -metacyclic function.* 

§ 135. We can define all substitutions of the groups ^ of 
prime degree p, as well as those of the two preceding Sections, in a 
simple way by expressing merely the changes which occur in the 
indices of the elements Xi,X2, . . . x^. Thus the substitutions of 
Q are defined by 

8a=\z z-\'a\ (mod. p). (a = 0, 1, 2, . . .p — 1), 

The symbol here introduced is to be understood as indicating that 
in the substitution «« every element x^ is replaced by x^^a, and for 
z-^-a its least ilot negative remainder (mod. p) is to be taken. 

The groups of the preceding Section contain then, in the first 
place, all the substitutions Sa, and beside these, if we suppose 
every index to be diminished by one, also those substitutions for 
which every index is multiplied by the same factor, that is, for 
« = 0, 1,2, . . .p — 1 

* L. Kronecker; c/. F. Klein: Math. Ann. XV, 258. 
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ff^ = \z pz\ (mod.p) (/5 = 1,2,3, ...p— 1). 
The symbol 
t = \z ^z + a\ (mod.p) (a = 0, 1, . ..p— 1; /5= 1, 2, . . .p — 1) 

indades all the substitutions 8a, <r^, and their combinations. Since 

\z Pz-\-a\.\z [^iZ-\-a^\ = \z /?A^ + «i/^ + «|, 

ft 

it follows that the substitutions t form a group of degree p and of 
order p(p — 1). This group therefore coincides with that of § 134 
If we prescribe that the i^'s shall take only the values 

the products /9/9i belong to the same series, and we obtain the group 
of degree p and of order ^--^ considered above. 

§ 136. The consideration of the fractional linear substitutions 
(mod. p) leads to groups of degree p + 1 and of order (p + l)p 
(p — 1). These substitutions are of the form 

az-\-^ 



t* = 



(mod. p), 



rz+$ 

where 2; is to take the values 0, 1, 2, ... p — 1 , oo , the elements of 
the group being accordingly a;o,a7i,a72, . . . ajp-uflCoo- The values 
^9 ^9 Yy ^1 determine a single substitution te, but it may happen 
that one and the same u results from different systems a, ^, y^ d. 
To avoid, or at least to limit this possibility, we make use of the 
determinant of u 

D) ad—^y. 

According as this is a quadratic remainder or non-remainder, we 

aZ + P 



divide numerator and denominator of — ^r-; by. sJad — ^y or by 

yz + d ^ ^ ' ^ 

s/ ^y — «^. For the new coefficients we have then 
D') ad—^y^ ± 1 (mod. p). 

If now for two different systems of coefficients a, /?, y^ d and 
^i» A> r? ^1 ^© relation 



! OF SnBBTITttTlONS. 



: woald follow from the oomparison of tbe ooeffi- 
id z°, with the aid of D', that if i, a', ?,?',... are 






^=±1 (modp). 



3 restrict the range of the valaeB of a, ^, y, d to 
there are always two and only two different eya- 
its which gi've the same BubBtitntion u. 
s assnmed that aS — ^j- is different from 0. This 
lessarj, for the symbol u can represent a substita- 
erent initial values of z give rise to different final 
if the ooQgraenoe 

— ;— i ^ j— : (mod. p) 

rhia is ensored by the aasomption a3 — /Sr=rO. 
le now how many elements are anchanged by the 
An index z can only remain tmchanged by u if 
y:^ + {3—a)z^fi=0 (mod.p). 
liogly four distinct cases: 
ots of E) are imaginary. This happens it 



(^0' 



Tl {<'3—fir=±l) 

Dn-remaindei (mod. p). The corresponding sabeti- 
the elements a;^, a^narj, , . . iCp_,, a;„. 
ots of E) coincide. This happens if 

-)t1=0 (mod.p) (flJ— ^r=±l)- 

ag substitutions leave one element nnchanged. 
ots of E) are real and distinct. This happens if 



iry 



Ti (oa— ^^=±1) 



naiader (mod. p). The corresponding eabatitutions 
its unchanged. 

on E) may vanish identically. This happens if 
r=0, 0=0, a=S (mod-p). 
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The corresponding substitution leaves all the elements unchanged. 
Finally we observe also that 



Z 1 



^ «i2? + A 



K+igri)g+(«A+W 



N) (as—^r) (o^A—^in) = K+/5n) {rft^ + s^) 

We proceed now to collect our results. If we take a not ^0 
(mod. p), and /? and / arbitrarily, then for each of the (p — ])p^ 
resulting systems we obtain two solutions of D'). Since however 
there are always two systems of coefficients which give the same 
substitutions u, we have in all, in the present case, p^ — p^ substitu- 
tions. Again, if we take a^^O (mod. p) and d arbitrarily, then 
restricting fi to the values 1, 2, . . .p — 1, we obtain from D') for 
every system a, d, ^ two values of y; but as two systems of coef- 
ficients give the same u, we have in this case p{p — 1) substitutions. 

There are therefore in all p' — JP = (p + l)p(p — 1) fractional 
linear substitutions (mod. p). From M) it appears that these form 

a group. Among them there are ^^ ^-~ substitutions 

which correspond to the upper sign in D'). From M) and N) it is 
clear that these also form a group. This latter group is called '^the 
group of the modular equations for p^\^ 

Both groups contain only substitutions which affect either p + 1> 
orp, or p — 1 elements, or no element. Those substitutions which 
Ic^ave the element x^ unchanged, for which accordiagly ^'^O,' form 
the metacyclic group of § 134 As the latter is two- fold transitive, 
it follows (Theorem XIII, Chapter IV) that the group of order 
(p + l)p {p — 1) is three-fold transitive. 

Theorein III. The fractional linear substitutions (mod. p) 
form a group of degree p + 1 and of order (p + l)p(p — 1). 
Those of which the determinants are quadratic remainders (m^d. p) 

form a subgroup of order — ^ ^> ^^ group of the modu- 
lar eqvxitions for p. If any substitution of these groups leaves 
more than tivo elements unchanged, it reduces to identity. The 
first of the tu)o groups is three fold transitive. 

 Cf. J. Gierater: Math. Ann. XVIII, p. 319. 



THBORT OP StrBSTlTUTIONfl. 

ruot a function belonging to the gronp of the fiactiooai 
itntions, we form first as in § 133, a function ^, of the 
, x„ Xj, . . . Xp_, which belongs to the group of substi- 

o| (modp). (o=:0,l,2,...p— 1; ,?=l,2,...p— 1) 
itions M, applied to *", , produce p + 1 values 

BnbBtitni.ione merely permute among themselves. Ac 
! T is any undetermined qaantitj, the function 

S = (f— T,) (f — f,) .. . (r— ¥;+,) 
be given group. 

We have now finally to turn our attention to those 
le substitutions of which are commutative. 
loy here a general method of treatment of very exten- 
aon.* 

that "', 6", S"' . . . are a series of elements of finite 
L of such a nature that from any two of them a third 
)btained by means of a certain definite process. If the 
is process is indicated by /, thei^e is to be, then, for 
ements if, 0", which may also coincide, a third element 
\.tf(0' e") = 6'". We will suppose further that 

/[^,/(fl", O] =/[/("',"").""'] , 
0" and 6'" are different from each other, then 

fi', '")]+/('■,'"■)■ 

iptions having been made, the operation indicated by / 
le associative and commutative property of ordinary 
m, and we may accordingly replace the symbol f{0', B") 
ict 6' e'\ if in the place of complete equality we employ 
equivalence. Indicating the latter relation by the usual 
e equivalence 

6'e"a^0"' 

aed by the equatioh 

f{0\0") = ll"'. 

i»\. Tbe IdIIowIdk la taken 
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Since the number of the elements 0, which we will denote by n, 
is assumed to be finite, these elements have the following properties: 

I) Among the various powers of an elements there are always 
some which are equivalent to unity. The exponents of all these 
powers are integral multiples of one among them, to which may 
be said to belong, 

II) If any belongs to an exponent v, then there are elements 
belonging to every divisor of v . 

III) If the exponents p and ^, to which 6' and 0" respectively 
belong, are prime to each other, then the product 0' 0" belongs to the 
exponent p(T. 

IV) If nj is the least common multiple of all the exponents to 
which the n elements belong, then there are also elements which 
belong to n^ . 

The exponent w, is the greatest of all the exponents to which 
the various V elements belong. Since, furthermore, n^ is a multiple 
of every one of these exponents, we have for every the equival- 
ence 0"^ col 

§ 138. Given any element 0^ belonging to the exponent nj , we 
may extend the idea of equivalence, and regard any two elements 
0' and 6'" as ''relatively equivalents^ when for any integral value 
of k 

d'.O^^CsoO" 

We retain the sign of equivalence to indicate the. original more lim- 
ited relation. 

If now we select from the elements any complete system of 
elements which are not relatively equivalent to one another, this 
subordinate system satisfies all the conditions imposed on the entire 
system and therefore possesses all the properties enumerated above. 
In particular there will be a number Wg , corresponding to n^ , such 
that the riz'^ power of every of the new system is relatively equiv- 
alent to unity, i. e., 0*^^00 0^, Again there are elements 0,, in the 
new system of which no power lower than the n^^ is relatively 
equivalent to unity. Since the equivalence O""^ 00 1 holds for every 
element, and consequently a fortiori every 0^^ is relatively equiva- 



THEOBT OF 8UBBTITUTI0II8. 

lity, it follows tnmi I) than n, is equal to n, or is a miiltiple 
w 

)th sides are raised to the power — , we obtain, writing; 

ha equivalenoe 

fli-~ic«l. 
3 it foIlowH tliat, since 0] belongs to the exponent n, , m is 
ir and k is therefore a multiple of n,. There is therefore 
at Sj, defined by the equivaleDce 

fl, V>oS,/ or SjC\5fl„ei"i~" 
the n,*" power is not only relatively eqaivalent, but also 
y equivalent to unity. This element belongs both rela- 
i absolutely, to the exponent n,, for we have the relation 

0,"' CN> C„ "» V"' """"=« ^I'^l"'"' """"=« ^l"> "* 0« 1- 

eding further, if we now regard any two elements 0' and 
ttively equivalent when 

I, corresponding to 0,, an element S^ belonging to the expo- 
where n, is equal to n, or a divisor of n,; and so on. We 
lerefore in this way a fundamental system of elements 
. . . which has the property that the expressions 

V'V'V'-.- (ft,= l,2, ...n) 
n the sense of equivalence every element H once and only 
he number ni,nj,n,, . . . , to which the elements 0, , 0^,8^,..^ 
re such that every one of them is equal to or is a multiple 
text following. The product n, % n^ . . . is equal to the 
mber n of the elements 0, and this number n accordingly 
no other prime factors than those which occur in the first 

. In the present case the elements 6 are to be replaced by 
ions every two of which are commutative. The number n 
lements becomes the order r of the group. We have 
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Theorem IV. If all the substitutions of a group ar& com- 
mutative, there is a fundam^ental system of substitutions ai, 83, ag, . . • 
which possesses the property that the products 

«i*i«2**V« ... (/ij = 1, 2, . . . Ti) 

include every substitution of the group once and only once, Ths 
numbers ri, rg, rg, . . . are the orders of Si, «2> ^s? • • • <3tnd are such 
that every one is equal to or is divisible by the next foUoxving, The 
product of these orders r^,r2,r^, , , , is equal to the order r of the 
group. 

The number r^ is determined as the maximum of the orders of the 
several, substitutions. On the other hand the corresponding substi- 
tution «, is not fully determined, but may be replaced by any other 
substitution Sj' of order r, . According then as we start from «i or 
«/, the values of r^^r^, , , , might be different. We shall now 
show that this is not the case. 

In the first place it is plain that if several successive ^'s belong 
to the same exponent r, these s's may be permuted among them- 
selves, without any change in the r's. Moreover, every s^ can be 
replaced by Sa'^^a+Z^a+a'^' • • without any change in the r's, pro- 
vided only that At is prime to r^. 

If now the given group can be expressed in the two different 
forms 

81*182*253*8 . . . (/l; = 1, 2, . . . n), (T^iff^2iT^z . . . (/l.- = 1, 2, . . . /><), 

(Ti = 8i'*82»'83^ ... #«. 5 o/yhiU^f^^^y 

Since <Ti belongs to rj , at least one of the exponents At, v, . . . must 
be prime to rj . From the first remark above, we may assume that 
this is fJL, and from the second it follows that the group can also be 

expressed by 

<7i*i83*a83^ ... {hi=l,2,,. , ri; Pi = rj). 

Oonsequently the groups 

82*2S,*8 .,,{hi=l,2,.., r^), (72*2^8*8 . . . (/l^ = 1, 2, . . . p,) 

are identical. From this it follows, as before, that p2 = r2, and 
so on. 

Theorem V. Th>e numbers r^i, ra, rg, . . . are invariant for 
a given group,* 



•This theorem is due to Frobenius and Stickelberger. cf, their article: Uber 
Oruppen mit yertauschbaren Elementen; Grelle, 86, pp. 217-262. 



CHAPTER VIII. 



TICAL HEPBESENTATION OF SUBSTITUTIONS. 

THE LINEAR GROUP. 
In the preceding Chapter we have met with a fourtb: 
adicatiag snbstitutioos, which coDBietied in assigcing tbe- 
irala by which the final value of the index of eTery x is 
from its initial value. ThuB, if the index z ot every x. 
1 by a given substitution into ^^(2), so that a;, becomea 
twtitution is completely defined by the symbol 

tot every function can be taken (or f{z), for it is an 
edition that the system of indices y(l), f(2), . . . ^(n). 
different and shall be identical, apart from their order, 
astern 1, 2, 3, ... n. On the other hand it is readily 
Bvery substitution can be expressed in this notation, 
required that 

itrnct, by the aid of Lagrange's interpolation formula,. 

J?(l) = (2-l)(2-2)...(2-») 
{z) which satisfies the conditions, Tiz: 

n is of degree n — 1 in z. It is evident that there are 

lumber of other functions •p{z) which also satisfy the 

iditions. 

[f 11 is a prime number p, we can on the one hand 

i restrictions imposed on <p by permitting the indices 

to be replaced by any complete system of remainders 

that indices greater than p are also allowable. And on 
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the other hand we can depress every form of <p(z) to the degree 
n — 1, since z^^z (mod. p) for all values of z. 

In particular, we have in this case F{z)^z^ — z and 
F'iz) ^pz^ - * — 1 = — 1. 

For n = p, the functions (p{z) which are adapted for the expres- 
sion of a substitution, for which therefore 9{0), s^(l), . . . 9{p — 1) 
form a complete system of remainders (mod. p), are defined by the 
following theorem: 

Theorem I. In order that \z <pz\ may express a substitu- 
tion of p elements, it is necessary and sufficient that after <p{z) and 
its first p — 2 powers have been depressed to the degree p — 1 by 
means of the congruence z^^z {mod, p), and after all multiples of 
p have been removed, these p — 1 potvers of (p{z) should all reduce to 
the degree p — 2. * 

Let 

be any integral function (mod. p), and suppose that 

[s^(2?]"»=^o^'"> + A.^'^^z + At^T^' + . . . + A^_r^z^-^ (mod. p\ 

Since for every « < p — 1 

0* + l'* + 2''+...+(p — ir^^O (mod. p), 
we have 

s) [^(0)]'"+[^(i)]-+ . . . + Wp-^i?=(p-1)a,_,(-) 

i^ — Ap ._ iC") (mod. p). 

If now ip{z) is adapted for the expression of a substitution, then, as 

^(0)> Kl)» • • ^(P — 1) form a complete system of remainders 
(mod. p), we conclude that for m < p — 1 

A^_i("'>^0 (mod. p). 

This is therefore a necessary condition. 

Conversely, if this condition is satisfied for a given function 
<p(z), then since S) holds for m= 1, 2, ... p — 2, it follows from 
formula B) of § 8 that 

[2; — 9>(0)][2:— <p(l)] . . . [z—<p{p—l)'\=z^—az—^ 

ee(1 — a)z — jS (mod. p). 



•Hermlte: Comptes rend us de )'Acad4mie des Sciences, 57. 
II 



ARAI.YTICAL BEPRBSBNTATION OP St)BSTITCTIONe 

1) 8,,,.^,..,.^= Isi.Zj,. -.3* z, + a„Z3 + a^,...: 
The o'a are arbitrary integers (mod. m). They can : 
selected in m' different ways, so that there are m* sub 
this type. Again, since 

2) a«,,B5,....i-SBj,p,,.,.fli — S,, + ft.ia + Si.-.-"* + fll 

these arithmetic mibstitutiona * form a groap of ordet 
m*. This gronp is transitive, since the a'a can be st 
any given element x^ , i, , . . ,j is replaced by any oi 
i^Si, fe.-Ci.- For this purpose we need only take 

f•^ = !:^ — Z^, a^ — Zt — Z,, . .. a^ = Cj— Zj. 

There is only one substitntion of tiie gronp which p 
result. 

Iq order that an arithmetic snbstitution may leave 
X unchanged, it is necessary that 

«,i^0, «, = 0,...at = (mod.m) 
Sach a substitution leaves all the elements unchangef 
fore reduces to identity. The present group is therei 
in the groups ii considered in the preceding Chapter. 

By the continued application of the formnla 2) we ( 

»a,,aj....ai — «l,il.,..o''-8o fl'' . , . 80, „, . . . ,' 

SO that we may define the gronp by 
8) G-|e.. „,...„, *,.,....., ...80.0,.., .5. 

The substitutions contained in the parenthesis are a 
tive, and the same property consequently holds for all 
tions of Q. 

§ 144. We determine now the most general form c 
tations 

( = |s,,2j,...3* ¥',(2,,Zj,...2*), ¥'3(Snaj,---3*),---¥'*(3 

which are commutative with Q, for which therefore 

It is obviously sufficient to take for s,,.... the sei 
ting Bubstitdtions given in 3). The substitution 

Cauoby: Exercises in,, p. 232. 
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§ 145. We have first of all to determinB wh< 
stants «*,&», . . . ca can be taken arbitrarily. They 
bo enbjected to one condition, sinoo two elements 
X(,.i,....Ci must not be converted into the same elen 
indices z,,Zi,...Zi, coincide in order with Cj,?:, 
generally, given any system of indices C,, Cj, . . .ft, 
that from 

a,z, + b,z.^ + . . . + c,Zt= 'i, a^, + b^^ + ... + c»s»=: 
the indices z„ Zj, . . . Zt shall be detemiined witho 
In other words, the m* systems of valnes z mast g 
equal number of systems of valnes C. The necessarj 
conditions for this is that the congruences 
afi, + 6,Zj + . . . + c,Zi.i^O, a^, + Vi + . . - + c*Si.=0, 
shall admit only the one solution ^i = 0, Zj = 0, . . .i 
determinant of the ooefScients is denoted by 4, thet 
are equivalent to 

A.z,~0, A.z,=0,...J-z„=0 (mod.) 
The required condition is therefore satisfied if anc 
prime to int. We have then 

Theorem III. In m-der that the symbol 
t = \zi,Zi,...Zt aiZ| + 6iZj + ...+c,2t, aj3, + 6jZj + 

Tnay denote a (geometric) substitution, it is necessary 
that 



a,, &2, 



should be prims to the modulus m. 

% 146. From this consideration it is now possibl 
the number r of the geometrical substitutions corre 
given modoloB m. 

We denote the number of distinct systems of /> i 
are less than m and prime to m by {m, p\. It is to 
that any number of the f integers of a system may o 



''=*?p»*''" 



' SUBeriTUTIONS. 

>er of those geometric sabstitntiooB 
t index z, nnciiaiiged. If then r, is 
2i by aiZj-{-bjZj-\- . . . +c,2t, then 
stitntioiiB which prodnoe this efFect, 
>iie another. Similarly, if r, replaces 
, then ''iiU'^atU'^si    we all the 
is effect, and these are all different, 
:» the number r of all the poBsible 
iplying N by the nnmber of Bnbeti- 

a, , 6, , . . . Ci ; a,', h,', . . . c/ ; . . . is 
hat the integers of a system cannot 
ith m. There are therefore [m, ft] 
amber of snbstitntions 1, t,, tj, . . . 

m,k^N. 
lie form 

. . .CjZt, .. .0^2,4-6^2^+ . . . -\-C^t\ 

(mod. t»). 
in the expression of the discrimi- 
hosen arbitrarily, i. e., in m.*"' dif- 
) snbject to the condition that 



mber of systems here admissible is 

Tfc]m*~y. 

le signigoance for a substitution of 

; indices. Consequently 

' [m, k — 1] »i*~ V, 

< finally 

single index, and therefore r*'~'' 
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4) r = [m, &] m*- ' [m, k 

The evalaatioa of [m, h^ pi 
selves to the simple case vh& 
the only case which we shall h 
have then evideatly 
6) [P,i 

since only the combinatioD C 
aid of 5), we obtain from 4) 
6)  r = (y'-l)y>-'(j.>-' 
= (p»-l)(y'-y)0 
§ 147. The entire syste 
^mod m) forma a group the c 
or from 6). This group is kj 
If the degree is to be partici 
group of degree wi*. 

It is however evident tha 
leave the element Xo,o, . . . g u 
a,z,-)-6,2,+ ...+c,z»=z,, . 

have for every possible system 

We shall have occasion to t 

with the algebraic solution of < 

Theorem IV. The gr 

(mod. m), or the linear group  

4). Its substitutions all leave 

is commutative with the group 

•Galois : Llonrllle Journat (11 XI, 1 



THEORY OF StJBSTITUTIONS TO 
BBRAIC EQUATIONS. 



lAFTER IX. 

aE SECOND, THIRD AND FOURTH 
P AN EQUATION. RESOLVENTS. 

' the algebraic solution of the equation 



—c,x + c = 

ing terma: From the elementar}' sym- 

! the roots x, and x^ ot 1) it Is required 

1 function X, by the extraction of roots.* 

OB (Chapter I, § 13) that there is always 

square of which, viz., the discriminant, 

eseut case we have 

(iCi + aTj)' — 4x^x2 = c," — ici, 



\/e,-—ic,. 






aily of two-valued fimctiftns, every 


suoh 


expressed iB terms of V^. 


For 


the 


we have 






ti(a!, + rc) + i^(«,-«,) 






t^«, + =S^V«,'~4c„ 







1, a, = 0, and for «, = 0, 
-4c5, a^=-K- — iVci^- 



[ OASES QBO 

§ 149. Ill the CMe of tl 

a;' — c 

the BolatioQ requires not n 

valued fnnction x,, but tb: 

Xi,Xi,x^. With these the e 

ia also known, and converse 
in terms of S. We have th 
the one-valued functions c, 
extraction of roots. 

In the first place the squ 
J = {Xj — xjfixi—x^yia 

furnishes the two- valued fuc 

in terms of which all the twc 
fiible. The question then b 
valued function of which a ] 
already been answered in C 

9i = x, + '^'x^ + 
on being raised to the third 

= i(s, + 3 
again, if p, is obtained frot 
we have 

y.j'=(ic,4-o.a;,-|- 
Aooordingly 

at, + /""xj -j- wa 

«, + aXi + o^ 

Combining with these the eq 



"?f?!p'^' 



BLETttENTAKY CASES GBOUP OF AN EQUATION ^EE SOLVED 

On the other hand, if for particnlar values of the coet 
the Galoia resolvent F{') breaks up into irredncible fac 
rational coefficients 

then the uaeymmetric functions i'',{?), which in the cas» 
iadependeut coefficients are irrational, are now ratiouall; 
The equation 1) is then a special equation, or according 
ecker, an affect equation. The affect of an equation lies, th 
manner in which the Oalois lesolveut breaks up or, agai 
fact that, as a result of particular relations among the ci 
c,,c^, . . . c„ or the roots Xi, ar^, . . . ;r„, certain unsymmetric 
ble functions Fi{i) are rationally known. The deter mi nati( 
which is to be regarded as rationally known in any case is 
of the greatest importance. As a result of any chang 
respect, an equation may gain or lose an affect. 

If the group belonging to any one of the functions F, 
then every fuQction belonging to G, is rationally known 
rational function of F;. lb is readily seen that the groups 6 
cide. Forif the subgroup common to them all is /', then tl 
ally known function «/•', + i^F.; -\- . . . + ^- F, belongs to /', a 
quently every function belongiog tn I' is rationally known. 
ingly the factor of F, which proceeds from the applicatii 
substiiutions of /' alone to any linear factor ^— -'i.x,, — "iXi,. 
of Fi is itself rationally known. This k inconsistent 
assumed irreducibility of F;, unless /'— (i, — ff, — . . . = ( 

All the functions J"',', F^, . . . Fy therefore belong to 
family, and this is characterized by a certain group G <: 
function '^{x^, x^, . . . x.) belonging lo G. Every functioi 
ing to W is rationally known and conversely every rational 
fmiction belongs to G. 

Theorem I. Every special or affect equation is c 
ized by a group G, or by a single relation between the root 

^{x„Xi, .. . j-„) = 0. 
The group G is called the Galois group of the equation 
equation ta accordingly completely defined by the system 

-'3->. = '^i, l'x^x^ = c^,...; <l>(x,,Xj,,..x„) = Q. 
• Cf. Kronecker; tirundziiKe' elner adtbineclBolien Ibeorle der algebra 
sen. II 10. II. 
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From the transitivity of tb 
the eqoation. 

If we specialize the given < 
belonging to Xi , the group t 
will in fact then contain on 
changed. Bat as the gronp is 
one BubstitatioQ, identity, wbic 
after the adjunction of iv, , all 
or to any larger group an 
X,, X3,   .X, are rationally kni 
of 3T, . 

From this follows again t 
proved in §155: 

Theorem VI. if all \ 
are rational functions of ani 
functions of ev&ry one among 

% 157. From Theorem II 
equation of a general equatit 
apply to the values 

all the substitutions of a:, , a^^ , 
rangements as substitutions of 
the x'b affects all of the >'s, 
groups Q . The group of the 
isomorphic (§72). 

For an example we may ta 
the third degree. The groups 
then 

If however, the given eqi 
group G of order r, then of th 
those are to be retained whicb 
together with f < belong to OD 
f,(S) Of F(S). 
12 



ELEMENT AfiS CASES — 

equation f{x) = prodni 
f/ values. The latter sul 
reBolveat equation for y. 
transitive, since G contaii 
</>^. If, in particular, th 
of O, then it is also the 
are therefore all rationa 
resolvent equation is a gT< 
§ 160. Following the 
to accomplish the reducti' 
Galois resolvent eqaatioc 
ents. It will, however, i 
ceed in general tbi eqnati 

•Mem. d. Berl, Akad. Ill; 



mod. p 


, i. 6., fc = orp— 1 


Th« 


alto 






-,"+. 


.a,,''~') = -a'- 





+ ...+--"')=p-l-(-l) 

quantity of Theorem IJI, of which the 
[, has the valve p. 

was {p — l)-yalTied, and oonaeqnentlj 
ished at ona« the complete eolotion of 
iy the aid of reeoWents with emallei 
ion of the eqaation can be divided into 
itioas. 
e factorof p — 1, and thatp — l=p,gi. 

.'■+... +V'-"'')'', 

)f the equation 

I all different, and the higher powers of 
1. It follows that, if 

+ a,<>'r, 4- . .. -|-a,»'''i-'i«; 



-'+„."»,->+. 


. . +BI»'l«|-', 


litten 




>.+ ■■.+«,'■- 


V„ -,)'., 



before we oan show that this resolvent 
A by o>', that is, that it belongs to the 
ii\y a rational function of a, and of the 
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coefficients of 1). We denote its value by iVj = Vi\ and have 
accordingly 

If then we write precisely as before, 

it appears that N^ is rationally known, and that 



9i 






These several functions are all unchanged if oj is replaced by oj^'^\ 
that is, they are unchanged by the subgroup 

S\ S^\ S'^\ . . . 8hP^. 

We have therefore 

Theorem V, The pi-valued resolvents s^o > S^i > • • • ^i^ - 1 ^f 
the cyclotomic equation belong to the group formed by the powers 
of s^i. They can be obtained by determining a primitive root 
of z^\ — 1 = and extracting tfie p^ root of a quantity which is 
then rationally known. 

If P2 is a second prime factor of p — 1, and if p — 1 =Pii>2Q'2> 
then the resolvent 

in which a.^ is a primitive P2^ root of unity, is reducible to the form 
where 



This resolvent is unchanged if o) is replaced by w^^% that is, it 
is unchanged by the substitutions s^'\ , S'^i . . . Consequently it 
12a 
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expressed in terms of v'ut i^ ": i'^ regarded as 
we write 

rational fanotion of ^,, and we have 

= l[-n+,.,+|.-+...], 

i'^I. rft« p,Pi-valued resolvents %„,Xn   -Xrin-i 
equation belong to the group formed by the pmv- 
' rail be obtained by determining a primitive root 
nd extracting a p.,"" root of a quantity which is 
t'mifive root and in <^„. 
atiDning the same process we have finally 

ill. If p — 1 =piPiPa    , the solution of the 
on for the prime number p requires the determina- 
te root of each of the equations 

-1=0, Z>',^l'=Q, 2". -1=0,... 

>M successively of the p,", p/', p/', . . . roots of 
'f which is rationally knmim in terms of the pre- 
ntUies. 

f 11 9i!  •  <Pp, — 1 &i^ rationally kaown, since they 
ame group. Similarly the coefficieots of 

.„.''>)(^_.»,.)...(a;_.^*.-'',)=0, 

^^^'■' + '){x— <^''' > + ')... (x^u,'^''-'^^' -*■') = () , 



known. Accordingly after the process of Tbeo- 
arried ont, the equation 1) breaks up into p, fac- 
) group belonging to each of these new eqnatioDB 
corresponding roots, the factors 7) are again all 
J as only the coe£Bcients of 1) and y, are known. 
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Again, after the process of Theorem VI has beea carried out, 
Xo is known. All the values of this function belong to the same 
group aad they are therefore all rational functions of xo- Similarly 
the ooef^cieots of 

Ux-t^) (x—o,'"''-') {x-^o,^"'') . . . {x—^'^''-'^^'^) = 
8) \ (a;— «,') (a:— <«"'■'>+') (a;— <«'"'i'^+')...(ic— >*»-'* 

are rationally knovn. The equations 7) are therefore noi 
ble, and each of them resolves into p^ factors 8), which a 
irreducible within the domain defined by xo- ^^ ^^^ P' 
this way until we arrive at equations of the first degree. 

§ 166. The particular case for which the prime factors 
are all equal to 2 is of especial interest. 

Theorem VIII. // 2" + 1 is a prime number p, t 
tomie equation belonging to p can be solved by meane of 
of m quadratic equations. In this caei the regular po 
p = S" + 1 sides can be constructed by means of ruler and 

In fact, for one root of the cyclotomic equation we hav« 



and consequently the angle — can be constructed with i 
compass. 

In order that 2" + 1 may be a prime number, it is neees 
m = 2". For if vi = 2'*m, , where m, is odd, then 2" + 1 = ( 
would be divisible by 2"* + 1. If 

/» = 0, 1, 2, 3, *, 
the values of p are actually prime numbers 

p = 3, 5, 17, 257, 65537, 
and in these cases the oortesponding regular polygons at 
fore be constructed. But for /i = 6 we have 

2^ + 1 = 4294967297 = 641 - 6700417, 
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ains uncertain whether the form 2"^ + 1 farniahes an 

of prime numbers.* 

e add the actual geometrical coastructions for the 

nd p = 17. 

, we take for a primitive root g=2, and obtain accord- 

= 1, fir' = 2, ff" ^ 4, g'=S (mod. 5). 

— 1+V5 —1— V5 

y. = 2 ' '^'^ W  

ibstitnted for oi, the values ^^o «Qd f, are interchanged, 
sign of V^ is therefore undetermiued unless a par- 
of lo is made. If we prescribe tiiat 
2t , . . 2- 



Vi> > tl, 9^1 < 0, and the V5 in the espression above is 
jsitive. Furthermore 

/-nz + l=0; 

- — l + V5 + *VlO + 2\/g 



._— l+V5-tVlO + 2V5 
^'""' ~ 4 ' 

DIsqulsIt, arlthm.. 1 362. The statement tbere maAt tbat Vermat aup- 
ibers 2^ + 1 to ba prime. Is corrected by Baltzer: Crelle SI, p. 173. At 
vlng exceptional cases are kuown: 

[- 1 dlvlaibleby mi.. (Landry), 

1-1 divlslbleby 111689 (J. Pervoucbtne), 

fl divlslbleby ie7J72lCl... (J. Pervouchlne; fcLucasI, 
1-1 divlslbleby 274877906915 (P. SeelbolT ). 
cbl5iDllCb ZeltSCbrlH, XSXI. pp. 172-1. 
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the sigB of i being so taken that the imagiDary part of » is positive 
' and that of to* negative. 

For the oonstructii 
the regnlar pentagon 
sufficient to know th 



Suppose a circle of 
na 1 to be described i 
O as a center. On th* 
gent at the extremi 
the horizontal radius 
a distance AE = ^A< 
is laid off. Then 




0£= Vl + i=.- 



H now we take EF= EO,-we have 



Finally if AF is bisected in G and GHJ drawn // to OA 

OC I to HJ, then HOC=COJ--^, since cosHOC = 

— 5 

2ir 
— cos-=-. H, C, and J are therefore three succeassive verticei 

D 

regular pentagon. 

§ 168. For jj = 17 we take for a primitive root g — 6. Ac 
inglj we have 

ff°, ff', a', g\ a*, ^, /, a", 9\ a\ a'\ a", a", a", g", a" 

1, 6, 2, 12, 4, 7, 8, 14, 18, 11, 15, 5, 13, 10, 9, 3 

V, = u. +a.' +>.' +a,' +<." + ^'' + o," + u,\ 
V, = <o' + <«'H <"' + -"" + -"'.' + <"' + <"■" + -^ 
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we multiply every term of 9^ into tbe A:^ term to 
hat immediately below it in jd,, taking sncceeeiTely 
We obtain then 

Vo + Vn + Vo -t- Pi + Vi 4- Vi + n = 4 (f + 9i) = —4- 



<F,+ r\ = -l, 


9nVi = - 


-4' 


!>•+»- 


-4 = 0, 




-1+VT7 


-1- 


-Vl7 



L of V l"? is nndetermined nntil the particnlar root 
If we take 



--—fj-r'—yj, 
e determination of the sign 

(.- + „■•) + (.' + »■•) +(,•+.»)+(„.+ „-) 

lOi , 12i , 14x1 



„r etr , lOi I i2ij^ 

2[co,jj- 



17 J 



0, 

iTe must he taken positive. 

utber 

-' + "" + "", ;, = .■+»•+.»+..•; 

.> + „.. + „■•, ;,, = „■■ + ," + „•+«■; 

-1 = 0, /-M-1 = 0; 

signs are again eaailjr det«niiined. We liare 
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,. = («+.") + (.• + .") =z(c«?i- + c,»-^)>0, 
/, = ("•-)."") + ("' + . ") = 2(c»,3^ + c<,,^)<0, 
Oonseqneiitly 

With /o as a basis we proceed further: 

/ 1_ r ■; ; — — ^> J_ 1'^'' J-1 

¥'o + v'l = /o, ^'tV'! -x'»-"2+'\/'4" + ^' 
'17' "--icMj,, 



i'o- 



=f+V^-^.. *.=f-VT-- 



These results suffice for the construction of the regular pol 
of 17 sides. Suppose a circle of radios 1 to be described abo 
as s center, and a tangent to be drawn at the extremity of the 
zoutal radius OjI. On the tangent take a length AE = iOA 
then 



Pnrther.it £^^=£^^' = £0, we have 
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FH = FO, F'H' = F'0, 



AHi=AF + FO = ^+-yJ^ + l = X„, 
•' = -AF' + F'0=^^+^^^- + l=X,. 



We take now A.S = 1, and 
eter; if this meetR the eoni 



Again if wetabe LK=A 
circle ot ladine LK «boat 

AN+AM= 
AN.AM=£ 

The greater of the two le 
write diarefore 

If P is the middle point 
A O, then Q and D are tw 
alar polygon of 17 sides. 

§ 168. We consider n< 
p > 2. If 9 is a primitive 



To determine f^^^, we oe 
Sections, and obtain 

VtVi = [_«>' "^ '■ 

+ .-. 

The exponents which coca 

ff^+' + l, g'i 

are plainly either all qui 
remainders, or all eqaal ( 
corresponding bracket is <f 
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.■- i + \(-i)'''p 



J (-1)1 



2  'i- 2- 

where the algebraio sigo of the square root ia neoeaBsrily m 
ined bo long as the particniar value of tu is cot specified. 

§ no. We consider now the two equations 

^.=(x— .)(x-.") (»—"'•)... (».-""") = 
i,, = (a,^„.) (,:—») (a— .^) ...(!-»•'-) = 0, 

The roots and consequently the coefSeieats of these equationi 
changed if w is replaced by <"''. If therefore, when the 
factors are multiplied together, any ooefficieot contains 
jttiu", it must also contain terms mm"', mo*"', . , . , that ie 
tains ^g or ?i , according as u is a quadratic remainder 
remainder (mod. p). Accordingly every coefficient will b< 
form 



and on introdaoiog these values we have 

where X and Y are integral fonetionaof x vrith integral co€ 
Again since z^ is obtained from z,, by replacing «• by «*, or • 
that is, by a change of the sign of the square root, we hsvt 



X-rV(-l)'''y 

2  

Henoe 

_ irJ'— 1 .y' — ( — l)~^pr' 
'"'' St— I ~ 2 



GE 



THE AB 
§ 171. The oyolotomic 
dacible aod that eveiy one i 
other one. We tuTB dow t< 
lem of those irrednoible eqn 
ftmotiOD of another root i 
tomio equation is erideatlj 
Scppose that 

1) 

is the given irredncible eqa 
are oonneoted hy the relati 



where # is a rational fnncti 

BO that the irredooible eqoa 
all ita roots, in common wit 

S) 

In partionlaT x', = 0(x,) m 
f 
Oonseqoently ^[^(24)] is a 
»)«[9(a^)] f is a root of 1), 
tf[tf(a:)] = *•(*)], * 
it appean thai all the mem 

•re rooto of the eqaati<Mi 1 
finite number of roots it fo 



and the equatioif, 
% 172. We ci 
Since the eqaatioi 
therefore coafcaiua 
arbitrary x^. It 
5) are replaced b; 
fore noQ-primitivi 
meats eacli. The 
is not as yet dete; 
them. If any jt^ 
by fl*+*(a^„); there 
fiingle system. T 
of m'' and a divis 
Tlieoreiu I 
It contains " ays; 
sevural tines of 5 

tehere r^ isa divi 
% 173. In th« 
of Jaoobi 

where w is a root 

We form then the 
¥'. = (1, 
ip, is symmetric i 
in value only wh 
therefore a v-Talu 
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employed that T, is also rational in -• and the eoeff 
Taking encceaaively ^ = 0, 1, 2, . . . m — 1, and comhinii 
ing equations, we have then 



!■ + '. + =' ',' + ^','+. 



mfix) =p + ajr, + <u 



_,T 



T 

"•»■(*)=.> +-"r,+"'^','+.'l?T,'+ .. . +-■(—' 

The function r, being m-valued, x also admits only n 
these coincide with x, 0{3tf, (''{x), .... If any othei n 
is substituted for t, , the m valaes of x are permuted 

Theorem IV. if the m roots of an equation 
are ■■■■■, ... 

a;,, 0(x,), O^x,), . . . fl— '(a;,), 
where ff{x) is a rational function for which fl"(a;,) = 
solution of the equation requires only the determinatior> 
tive root of z" — 1 = and the extraction of the m 
kiMwn quantity. 

Theorem V. If one root of an equation of pn 
a rational function of another root, the equation ct 
algebraically. 

For in this case we have mv=p and m>l; i 
m =p and v = 1. 

§ 175. If all the <ioeffici«its of f(x) are real, th 
tile preceding Section admits of further reduction. '. 

Tx — {a/,8{x))'' = p(ooa» + i8in^ 
can be rationally expressed in terms of "i and the ooefl 
The latter being real, the occurrence of i=s/ — 1 i 
entirely to the presence of lu . Consequently. 

J^' = {,„-\e{x))- = p{co8»—i^n»), T,T,' = f 
^T^{=s/'^={a,,9{x)){u,-\e{x))=U, 
IBs 






e pi 



elei 
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lem 



8 a rational : 
therefore, ai 

B, it is clear ' 
jlyDomial a;' 
a;'' 
o is a prime 
degree, if tl 
ational. Co 
then that ; 
<fi{^) and ^ 

t coef&cieot ' 

± a/, x\ 

■±x'\x" 

ently their q 

ithin the rati 
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.fied. Then 

ently x', is 

lid therefoK 

x)S3ibIe. 

p of the eqUi 

unchanged, 

of thep — 1 



I triad character is only 
The cas« 11 = 6m mnat I 
ber, as appears at onoe i 

which must then group 
1 questioD whether evt 
id system we do not he: 
jh processes for deducli 
nd triad system of 2n- 
t V, and n, elements att 
jrtceof the triad oharacti 

]5,S1, ...; 9,19,39,.. 
st all possible cases. ' 
- 13, etc. 

I proceed to develop th 

e first place suppose a 

[iven. To these we ad 

We retain the \n{n- 

I construct from these — 

se every two of the thi 

x^,x,,x\; Xo, x\, x\; . 



Ornish the system belon 
le, suppose n = 'A. We < 



apart from the mere no 
ents established in the ji 
:ain. suppose two triad s; 
) indices of the first syst 
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iing indices. Suppose 
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■/,+y^v.+x.vj'+ . . . +x,,_,v/'-\ 

,e /'s are rational ftmctions of Vo+i,  •  SiDce moreover 

I from Theorem I that either V„ is rational in V^^,, . . . , 
to be excluded, or all the -/h vanish, so that A) aod with it 
tion 8) above still hold, il V„ is replaced by >% V„ , "»„" V„, . . . 
(j-; "'°V„, . .. lis different from /„{j:-;<"gF„, . .-). For if we 

f..{x; r„, . . .) = E„+.,y..+.,y„^+ . . ., 

follow from the equality of the two functions f„ that 
equently, from the equation of definition 

must be rational in the domain (y„ + |, . . . SH', . .  "n   .)j 

dingly/„(a-; V^, . . .),f„(jc;<u„V„, ...),... are all divieora of 
liese functions are different from one another, and they are 
icible in the domain {F„, T„ + |, . . .). Consequently v coQ- 
r product, which, on account of the degrees of /^ and ft in 
lible only if <p and/j coincide. 

the foregoing proof holds for every irreducible factor of 
i holds it we drop the assumption of irreducibility. 

At the beginning of the preceding Section we remarked 
he product construction with V, other Va might vanish. 
aibility is however excluded in the case of certain V's, as 
BOW show. 

esignate any V, of 2) as an extei~nal radical when the fol- 
-^i+i, yr+i,  .  i- c, F,j^,,F,^^, ... do not contain V,. 
ch external radical can be brought to the last position of 
ihe expression of x,„ as given in 3), can be arranged in 
every external radical present. We shall see that in thd 
construction with F, no other external radical can be 

Thus, if V, is missing in 




' BDBaTITOnONB. 



em VI. // on irreducible equation of prime degree 
ically solvable, the solution will contain only one exter- 
The index of the latter is equal to p, and if a is a 
* root of unity, the polynomial of the equation is 

[3:— ((?,+ <«* F, + ff,<""F,"4-...+«.-.'-"'~''*V,''-')]. 

em VII. If the algebraic expression 

j-„=G,-l-F, + <?;F,'+ . . . G'„_-iF^-'' 
)/ an equation f{x) = 0, which is irreducible in the 
', 9t", . . . ), and if we construct the product of the p, 
fhich T'l 18 replaced by i-'iV",, i»^V, . . . 



-W' 



the lowest V present, and again the product fi{x; V„,...) 
ictors f„(x; ii>„^V„, . . .), and so on, we come finally to 
X f{x) '=0, the degree of which is 

" = PiP^Pi.   
iw/„,/fc, . .. are ii^educible in the domains {V„,V,+,, .. .), 

We esamioe now farther those radicals whicb vanish in 
oduct construction. The remaining V,,V. + ,,.,. are 
in the product construction. We may therefore add 
rational domain, or, in other words, we may coDsider an 
equation /(a;)=/„{3:; F„, .. ,) in the rational domain 
...;iR',9i",...). 
the F,, Vi, . . . P",.., already vanish in the first prodnct 

mine now what is the result of assi^ing to F„_, auy 
line consistent with its equation of definition, then with 
ssigning any arbitrary value of V„_^ consistent with its 
definition, and so on. Suppose that the functions 
r„_i, F._„ ... Vj, V,; G„, G„. .. Gp_, 
on converted into 
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nsider now the first of these alteinative 
I of V, in terms of Vi,V„. , , ;i7,,w,, . , . 
U._t cannot vanish; otherwise Fj shon 
1 2). If then we define F, , ae in §g 
SDOCeasiTe radical^ some V, will occur 
V), last among tbe t/s. If we snbstit 
Xo, we have 

he v's oannot vaaish, as we have jaet b( 
the Ve cannot vanish, since we migl 
Bnt F, and vi, are two external radical 

axponeuts mast therefore be a factor 

g impossible, the first alternative is ezcl 

dingly we must have in A) 

Vr = A„, A, = 0, A, = 0,...A„. 

tion now arises what the form of 9) ma 

wer may take the form F," = A„. The 

A^ + A,V^ + A,V,'+ . . . =[12,F, + fl(( 
It just obtained shows that the left me 
eplaced by wFi, tu^F,', . . . Conseqnen 

[pyv, + fi,Gi«.'F,' + ...Y = t 

le extraction of the p^ root we have 

Q,wV, + Q^Gio,'-V,''+ . . . =yt 
, 9) follows also 

iting the two left members and appl 
) have 

= 0, fi,Gi, = 0,...fl,_,G,_i = 0, C,+, 
)) reduces to the single term 

F, = fi.G.FA 



Sabetitutin, 
?<i, we havf 

On the othe 
«aii also be 



and, comps 
that tenna 
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SDd therefc 

10) 

Theoi 

Xb of an ii 
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iion, then ' 

§221. 
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where bow 

remainder 



The chang 
replace T^i' 
where «/, < 




THKOBT OF BUBBTITtlTlONS. 

iJ.+, (a = 0,1,...;)— 2), 
— 1 and ie defi&ed by the congruence 

e'^A (mod.p). 
le quantities 

^0, Hi , R^f . . . sip^^ 
1 order into 

^Ky *ig-^i i ^K+it • ' ' liK+p — it 

i operation is performed a times, I) is replaced by 
-Ka„-B.. + i,-R.<+j,.-.+-R«.+p-a, 
>8 are of course to be reduced (mod. p — 1). 
knother modifiGation of the radicals, which converts 
on being repeated jS times converts the series I) into 

 Ep^, iJfl^ + i, Rfi^+i,- ■■Hs^+p-i- 
pply the first operation a times and the second ^ 

S can be so chosen that at -j- 1^,'< gives the greatest 
of < and /'. Consequently if iJ* is the R of lowest 
jtainable from Bo by alteration of the radicals, every 
ble from R,, in this way will have for its index' a 
a that the permutations of the J^s take place only 



R„, Ri,, Rik,. 



^(^-1).. 



, «*+., «!»: + ., . -  ■ft(tzzj_,)^ + , 

sorof ;>— 1. 

ia alterations in the meaning of the radicals which 

titutton 

■.oRiR»...)(R,B^+,R,i+, ...)... 

preceding developments enable us to determine the 

jducible solvable equations 1) of prime degree p. 

tation of the ;r'8 can only be produced by the alter- 



atioDS in the ladi 
permutatioixs of 
alterations oi the 
F, can be convei 
V, do not changf 



We examine no 
this transformatii 

G0+...+ 
and from the mei 
as a neoeeBaiy an 



If e*=l (mo 

therefore no roo 
every ^ satisfies 
tity. 

If e'41, the 
corresponding an 

Theorem 

of prime degree 
groups. 

§ 223. Since 
group permute tl 
symmetric fnnctii 
selves are the roc 

Abelian eqnatiou 
only cyclically. 
' function of B^. 
of the substitotit 
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and since if, becomee Rt+i, it follows that ^R, beconu 

If DOW we apply these tranaformations to the equa 
WB obtain , 

\^R^^ = v\(fli) . ^Ri;- * 

We can therefore also write 

x„=G,+ <fR, +^^R, +</fi7*+..- 

+ H^)  VS^ + •p,{R,)  ^Bi;+ </;(R,,)  ^^ 
+ 4-,{R,) ■^R^ + MR.)  <^R^+ MR^-.)  </R^ 



Theorem X. The roots of a solvable equatio 
degree p can be written in either of the two forms 12) 
13) t/Rt, V-fiji, .   are intional functions of li/Ra. 



Bo, Ri, Rii, . . . -R{£^_,)t 



are roots of a simplest Abetian equation, the group of wl 
posed of the pouxrs of 

a = (R^ R^ R3,, . . .) 

Ita roots are connected by the relatione 

14) \^E,=f{R„) . ^/W, </Rr.=f(R^)  4/] 

^K.=fiR,,)-'!yR^,... 
where G^=f{B„). 

§ 224. The form 13), together with the relations ! 
Ro, Rt, . . ., is not only necessary but also sufficient for 
an irredacible solvable equation of prime degree p. Fc 
that all the possible permntatione among the R's are sin 
of a. If now ff" converts R^ into B^t, then K/ Ra ' 
some loi^s/Ro, and from 14) 

i^% =f{R„)  /i/R^ becomes «""*/{ J^) . 4/Ru 
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eatlf 13) beoomeB 

+ .:. 

Xo baa only the p values x^, Xi, . . . Xj,_i, 

>. We will examine further the Abeliaa etjnation of degree 

" • r{E) = 0, 

BStiBfied by B„, iJi, . . . i?(„_i)i. From 14) we have 



e Rta> = i^, it follows from these equations that 
i!.-'-'-[/-'"'"*(K.) ./•'-'-" (ii.) . . ./(B.)] . 

I primitive congraence root e f or p can be bo chosen that 
. is divisible bj qo power of p higher than the first. For if 
e""^^! (mod. p^) 

(mod. p*), 
{p — e)""' is divisible only by p, andwecan therefore take 
I place of e. In e""' — \=p.q, then, q is prime to p. 
lently we can determine t so that 

ig + l=0 (mod.p). 
ithat . 

tq = 8p — 1. 

iting this in equation 15), and taking the p'" root of the t*" 
*e have 

l=J!.-.-[/"— •(iJ,)./--'"''(i«.)...]'. 

i=jj.-— [/-'-'-(Ji.)./"— -(j;,)...]', 
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26. We have already seen 
1, or affect, equatioa f{x) = 
Ee relation between its coeffic 
bat in any partioalar case thi 

accurately speaMng, it is d 
of f and tbe corresponding 
on. Only those substitntion 
hich belong to G. For this 

leorem I. Given an equ: 
tional domain Si, all ration 

equation which are raiiona 
G of the equation, i. e,, the', 
•luded family. Conversely, i 
are unchanged by G are rat 
e algebraic character of a 
umerical coefficients, is then 
owledge of the cofficients ale 
and then systematically elab 
t the rational domain must : 

equation 3;^^-2 = 0, for ( 
, according as ^/2 is or is nc 
ational domain can be defin 
ments SR', tR", . . , , from wb 
act the Galois resolvent eqna 
B factors in the rational doc 
intirely replace the assignmei 
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everthiDg which is ot importance from the algebraic i 
the equation considered. 

The determination ot the irreducible factor give 
group of the equation; in the n\ factors 

S—{u^X, + U^Xa+ ...+M,,iC„) 

of which the Galois resolvent is composed, we have c 
the u's as undetermined quantities, and to form the gr 
which permute the factors of the irreducible factor 
selves. 

It must be always borne in mind that from the al} 
point onl^ those equations have a special character, 
Eronecker an affect, for which the Galois resolveni 
degree is factorable. 

§ 227. On account of the intimate connection beti 
tion and its group, we may carry over the expression! 
"primitive" and "non- primitive," "simple" and "con 
the group to the equation. Accordingly we shall desigi 
as transitive, primitive or non -primitive, simple or coi 
their groups possess these several properties. CoQven 
the term "solvable," which is taken from the theory 
also to groups, and speak ot solvable groups as those wl 
are solvable. Since, however, an infinite number ot eqi 
to a single group, this usage mast be justified by a p 
solution of all the equations belonging to a given grou 
by that ot a single one among them. This proof 
presently (Theorem Y). 

In the first place we attempt to reproduce the pro 
grtjups in the form of equivalent algebraical properties 
tions. We have already (§ 156) 

Theorem II. If an equatiqn is irreducible, 
transitive; conversely, if the group of an equation is i 
equation is irreducible. 

§ 228. To determine under what form the non-prin 
group reappears as a property of the equation, we recu 
ment of those irreducible equations one root of which i 
function of another. The equation of degree m^ reduc 
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igree m, the ooefficieote of which were rationally expressi- 

18 of the roots of an equation of degree y (§ 174). We 

lie present case at a similar result. 

se that the group G of the equation f{x) = is non-prim- 

1 the roots of the equation can be distributed into v sys- 

. roots each 

. , . Xi^; Xj„Xa,  -  3^a»;   -XtifXr,, . . .X^; (vwi — w), 

every substitation of the group which convert* one root 

stem into a root of another system converts the entire 

stem into the latter. We take now for a resolvent any 

symmetric function of all the roots of the first system 

to S all the substitutions of G. Since G is non-primi 
ntire system a:,,, x,^ . . . x,„ is converted either into itself 
e of the other systems. There are therefore only " values 

y,=S{x,„x^,...x,„}, 
y,^Six,„x,„...x,„), 

U, = S{x,„x^,...x.„). 
Dtly y is a root of an equation of degree " 

sients of which are unchanged by all the substitutions of 
lich are therefore, from Theorem I, rationally known. If 
has been solved, i. e., if alt its roots y,,yi,  . .y, are 
ten all the " symmetric functions of every individual sya- 
Iso known. I'or each of these functions belongs to the 
ip as the corresponding y, and can therefore be rationally 
in terms of the latter and of the coefBcients of f{x). If 
B, in particular, the elementary symmetric functions of 
. . x,„ by 

quantities Xa,,x„, . , .x,„ are the roots of the equation 
x-—S,{y,)x-'' + S,(y.)x'-'—... ±S„{y^) = 
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bis purpose we Iiave only to take in the place of the general 

8 resolvent eqnation 

irreducible. We have first to examine more closely the 
oatioD and its properties. 

1 a general equation 6), there is a linear function of the 
6), formed with n undetermined parameters 

«, = a,a;, + «iir,+ .. . +a,x., 
IS n! valnes; so that all the substitutions of the symmetric 
' belonging^to 6) convert c, into n! different values 

nutations among the ?i , i^i , . . . J„ ; produced by G form a new 
Qong the w! elements v, which we denote by /', F is simply 
lie to G, and is the group of the- equation 7). f has the 
that its order is equal to its degree, as appears either 
method of its construction, or from the fact that every c ie 
J function of every other one. The equation 7), which is 
with « 

(;-f,)(;-f,)...(;-f.,) = o. 

) requires for its complete solution only the determination 
jle root. The solution of 7) is equivalent to that of 6). 
question arises, how these relations are modified, if we paaa 
1 general equation 6) to a special equation. Every special 
is characterized by a single relation between the roots 

ongs to a group G of the order r, then only the substi- 
belonging to G can be applied to the roots. For if a sab- 
were admitted which converted ^ into 

I is different from f , then all rational functions of 
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the construction of 10) depends only on the group G, and 
e particular nature of 9), this eame resolvent belongs to all 
which are characterized by functions of the same family 
If one of these equations has been solved, then a:, , Xj , . . .x„ 
quently S, are known. The equation 10) is therefore solved, 
it every other equation of this sort. We have then the 
the theorem stated in § 226: 

rem V. Given an equation f{x) = 0, the coefficients of 
ong to any arbitrary rational domain, the adjunction of 
= or ^Oj — 0, where pi and Vi belong to the same family 
Its Xi, Xj, . . . X,, leads, ns regards solvability, to the same 
"uation. 

We have treated in earlier Chapters cases where such 
aetween the roots either were directly given or were easily 
3 as involved in the data. Frequently, however, ihe 
i are such that, instead of a known function, i/'{x, ,Xi. . . x„) 
ictly designated as adjoined, ^ presents itself implicitly as 
an equation which is regarded as solvable. For example, 
tblem of the algebraic solution of equations the auxiliary 
s of the simple form 

r-A{x„x„...x,) = (i. 
 regarded as known, i. e., we extend the rational domain 
by adjoining to it every rational function of the roots 
my power belongs to the domain. The actual solution of" 
try equations does not enter into consideration. 

natural step, when an irreducible auxiliary equation is 
as solvable, to adjoin not one of roots ^'■, but all of its 
le domain of f{x) = 0. These roots are the different val- 
4'{x, ,Xj,...x„) assumes within the rational domain. For 
i auxiliary equation which is satisfied by v'', we apply to 
r Eubstitutiona of the group G and obtain, for example, 

values 

letric functions of these values, and therefore the coeffi- 
he equation 
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12) s(i>) = ((>-ft) («-tS) . . . (#-(>.) = 

are knowQ within, the rational domain of f{x) = 0, ai 
required auxiliary equation, the solatioa of wbioli is 
known. 

Now given the equation f{x) = 0, characterized by 
or by any function 9{Xi,x,„ . . . ir„) belonging to G, 
it all the roots of 12), or, what amonnta to the same t] 
combination of these m roots 

where the a's are undetermined constants. The questio 
what the group of fix) = becomes under the new oo: 
The adjoined family of functions was originally thai 
it is that of 

The group was originally 6. Kow it is that snbgrouji 
is also contained in all the groups 

ir„ ifj, . . . if„, 
oi 4\j v'gi    4'm. Suppose that K is the greatest comn 
of these m groups. Then K belongs to the function x 

If now we apply all the substitntioos of O to theserie 
the result is in every case the same series in a ne 
v''i, 4'it    v''- *r6 *11 the values which G produces from 
quently the series H,,Hj, . . . H„ is also reproduced b; 
tion with respect to G; and K is therefore unchanged I 
ation with respect to 0. We have then 

G-*KG = K. 
Again we denote by F the greatest subgroup of G ^ 
tained in K. V therefore belongs to p+;f, and acco 
acterizes the family which belongs to f(x) = after t] 
of all the roots of 12). T, like K, is also commutativi 
on transforming F with respect to 6, the result most b 
O and K, and is therefore P itself. F is, then, a self-c* 
group of G, and in fact is the most comprehensive ol 
are also common to Hi, S,, . . . H^. 

If r does not reduce to the identical operation, 6 U 
18 
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p. If O IB simple, r is necessarily identity, imd the gronp of 
= is Tedaced by the eolation of 12) to 1, i. e., after the 
ion of 12) all the roots of f(x) = are known; or, in other 
s, the soIntioD of 12) furnishes that of f{x) — also. We have 
the following 

'heorem VI. Oiven any arbitrary equation f{x) = vMh 
roup G, if we adjoin to it all the roots 

1 irreducible equation of the m* degree 

g{</')=^~—A<fi—' + . . . =0. 
oefficients of which are rational inthe rational domain of f{sc), 
the roots rational functions of Xi, x^, . . , x„, then G reduces to 
irgest self -conjugate subgroup r of Q which leaves 4'\, 4'it ■..(*„ 
nchanged. If Cf-is a simple group, r= 1, Only in case G is 
ound is it possible by the solution of an auxiliary equation to 
ze the group to a subgroup different from identity, and conae- 
tly to divide the Galois resolvent equation into non-linear fac- 

231, We consider these results for a moment. K the general 
tion of the n"" degree /(a-) = is given, the corresponding 
p G is of order r = n]. This- group is compound, the only 
A selfconjugate'subgroup being the alternating group (§92). 
Bjake tor a resolvent 

•/•i = V J, 
e ^ deiiot«s, as'usoal, the discriminant otf(x), then the reeolv- 
quation becomes 

0"— J = 0, 
r is the alternating gronp. Aft«r adjunction of the two roots 
I' ) the previously irreducible Galois resolvent equation divides 
two Jcon jugate factors of degree in], and only such substitu- 
can be applied to the resolvent 

^ = a,x, + a3X,-i- ... +a.X^- 
jve V'^ unchanged and therefore belong to the alternating 

P- 

'or n > 4 the alternating gronp is simple. If there is an m- 
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valued resolvent 4', its values V'n '!'%,■■ ■'I'm bj^ obtaine 
eolutioQ of an equation of the m''' degree. Od the adjr 
these values, or of 

the group of the given equation reduces, by Theorem "^ 
identical substitution. The equation f{x) = is therefor 
for all functions are known which belong to the group 1 
other group. The investigations of Chapter VI show, bov 
no reduction of the degree of the equation to be 8olv« 
effected iu this way, since if n > 4, the number m of the vb 
if it exceeds 2, Is greater than n or equal to n. In the li 
if m4=0, the function 4' is always symmetric in n— 1 eh 
that we can take directly 4i = x, , and the resolvent equatic 
ticai with the original f{x} = 0. 

Theorem VII. The general equation of the 
(w > 4) is solved, as soon as any arbitrary resolvent equt 
degree higher than the second is solved. There are, hi 
reaolixnt equations the degree of which is greater than 2 
than n. Moreover, if ti==6, Ihere is no resolvent equal': 
n"* degree essentially different from f(x) = 0. For n = 
a distinct resolvent equation of degree 6. 

One other resnlt of our earlier investigations, as reii 
from the present point of view, may be added here; 

Theorem VIII. The general equation of the fi.} 
has a resolvent equation of the sixth degree. 

§ 232. We return now, from the incidental results o 
ceding Section, to Theorem YI, and examine the groi 
equation 

12) g{4.)={4,—4,;^ {'/■—4;) ...{•fi— *^«) = 0, 

the roots 4',, 4'-i,    4'm of which were all adjoined to th« 
/(x) = 0. 

The order of the group of 12) is most easily found froi 
that it is equal to the degree of the irreducible equation o 

'" = riv''i+rW'i+  +r-K 
is a root. We must therefore apply to w all the r sabsti 
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ralaes thus obtaJDed may partly coincide. The number of 
lines gives the order of the group of 12). Now if we retaJD 
aations of Theorem YI, F includes all Bubetitutioiis of 
x^ which leaves all the <!''b unchaDged. Suppose that 
of r is r'. Then the required number is " =r: r'. 
this we perceive that, if the group O is simple and r ac- 
ot order r' — 1, the order =- of the group of every resolvent 
B the same as that of f{x) = 0, so that no simplificatioa 
ected ia this way. 

tually obtain the gronp of 12) by the consideration that 
IS all and only those sabBtitntiona among the ;r'e which 
ter the nature of f{x) = 0. If therefore we apply to 

)8titntionB of 6, the resulting permutations of the ^'s form 
required. All the r substitutions thus obtained are not 
lecessarily different; for all the substitutions of F leave all 
nts uachaoged. From this, again, it follows that the 
he group K of 12) is i- — r; r'. In the same way we recog- 
K is (1 — r) fold-isomorphic to Q. With the notation of 
s the quotient of G and T; if = (3 :r. 

irem IX. // (fte group G of f(x) = is of order r, 
i.ins a self-conjxigate subgroup f of order r', and if G 
\ I' on the adjunction of all the roots 11) of 

roup K of the latter equation is of order y = r:r'. K is 
nt of Q and F and is {l—r)-fold isomorphic to G. 
jroper choice of the resolvent 4' we can give the equation 
' special character. 

loose as a resolvent a function ■( belonging to the self-con- 
bgroup r. Then x ^ ^ ^^^^^ o' ^^ equation of degree 
ill the rooto of which are rationally expressible in terms of 
mong them; for XnXit---Xr all belong to the same gronp 
Theorem Till). The group of 12) is therefore a gronp Q ; 
■ansitive, since g(j() is irreducible. We have therefore 
(rem X. If the group Q of the equation f(x) ~0 ia 
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vf order r, and contains a self- conjugate subgroup T 
and if Xi *8 a function of the roots x„ x^, . . . x„ bei 
then an irreducible resolvent equation of degree v = r:: 

can be constructed, the roots of which are all rational 
a single one among them, and which possesses the pro} 
adjunction of one of its roots to f(x) — reduces the j 

§ 233. Theorem XI. If r is a maxiinal a 
subgroup of G, then the group of h(j() = is a tran 
group. Conversely, if V is not a most extensive self -ci 
group of Q, then the group of h(j() ^0 is com,pound. 

We denote the group of h(/) = by 0'. Its orde 
We asaimip that G' contains a self-ooajngatesobgrotip f 
From Theorem IX G' is r'-tiAd isomorphic to G. Fro 
of § 73 it follows that the subgronp J of G, whicb 
to the gronp /*, is a self- con jngate enbgroup of G am 
v'r'. J is, then, like F, a self- conjugate subgroup 
their orders are respectively tV and /. We show tl 
tained in J. This follows directly from the conetmction < 
in accordance with which the substitution 1 of G' oorre 
the substitutions of Q which leave the series II) unalte 
therefore corresponds to the one substitntioa 1 of G'. 
if G' is compound, then V is not a maximal self -conjogi 
of G. 

The converse theorem is similarly proved from the 
isomorphic groups. 

In these last investigations we have dealt throngh( 
group of the equation, but never with the particular ^ 
coeflScients. If therefore two equations of degree n hi 
group, the reductions of the Theorem X are entirely in 
the coefficients of the equations. The coefficients of 
course be different in the two cases, but the differei 
^ix) — all have the same group, and every root of any 
equations is a rational function of every one of its roots 
mon property relative to reduction, which holds also fo 
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gaitons of the present Chapter, is the chief reason firr the 
Ion of all equations belonging to the same group into a family. 
34. We observe fartJ;er that with every redntftioa of the gronp 
;oes a decomposition of the Oaloie resolvent equation, while 
latioQ fix) = need not resolve into factors, 
lecting the preceding results we have the following 
leorem XII. If the group G of an equation f{x) = is 
md, and if 

G, <?,, G„...Gy, 1 
"ies of composition belonging to G, so that every one of the 
Gi, Gi, . . . G„ \ is a maximal self- conjugate subgroup of 
ceding one, further if the order of the several groups of the 



e problem of the solution of f{x) = can be redticed as foU 
We have to solve in order one equation of each of the de- 



fficients of which are rational in the rational domain deter- 
by the solution of the preceding equation. These equations 

educibte and simple, and of such a character that all the 

f any one of them are expressible rationally in terms of any 
the same equation. The orders of the groups of the equa- 

re respectively 



oups are the qitotients 

G:G„ O^-.G,, G^: G„ . . . <?._,:«., G.:l. 
-nations being solved, the Galois resolvent equation, which waa 
illy irreducible and of degree r, breaks up successively into 



After the last operation f(x) = Q is therefore completely 
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§ 235. The composition of the gronp G of an < 
is therefore reflected in the resolution of the O&lo 
tioa into factors. We tom our attention for a moi 
tion, when a resolution of the equation f{x) = itf 
readily seen that, in passing from (?„ to (?o+ 1 in tl 
position of Q, a separation of f{x) into factors can 
G^+, does not connect all the elements transitive 
nected transitively by G^. The resulting relatioc 
by §71. G. is non-primitive in respect to the 
nected elements which G^+i separates into intrans 

Starting from G, with an irredncible f{x) = 0, i 
Gj, G„ . . . G. are transitive, but that &.+, is im 
by § 71 <?„ is non-primitiTe. Then at this poii 
into as many factors as there are systems of intrai 
But (again from § 71), all the elements occur 
arrange, then, the substitutions of Ga in a table I: 
tems of intraositivity of Gi^j. Suppose that thei 
tems, BO that f{x) divides into ji factors. Then we 
line of the table all and only those substitutions 
not convert the elements of the first system of i 
those of another system. The sabstitations of 
group, which is contained in G, as a subgroup. ] 
fore kr^^j. The second line of the table consists 
tutions of Ga which convert the first system of i 
the second. The number of these is also kr^^,. 
lines, and they include all the substitutions of G^. 

1 r 

likr^+, = r; li — ^ , 

i. e., the number /t of the factors into which f{x) 

sor of the number of the factors into which ; 

ent equation divides at the same time. A simila 
occurs in every later decomposition. 

The decomposition can therefore only take plac« 
scheme of Theorem III. The several irreducible 
the same order. 

§ 236. Thus far we have adjoined to the given 
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a secood irreducible equation onlr when the ^'s vere 
tions of X, , x,, . . . X,. This seems a Btrong limitation, 
tfore now adjoin to the equation f{x) = all the roots 
ible equation 

Dg this special assumption. The only case of interest 
aat in which the adjunction produces a reduction in the 

st instance we adjoin only a single root e, of g{z) — 0. 

G then reduces to its subgroup if, . If the rational 
,, X3, , . . xj) belongs to if,, then the same reduction 
produced by adjoining f, instead of z,. Suppose that 
(ration of G, the fuQotion f, takes the conjugate values 
I with the groups H„ H^, . . . H„ respectively. These 

an irreducible equation 

A (¥') = (*'— ¥-,) (p — fa)-- -(y- — f-)^**. 
in of, z, to the rational domain has, by the mediation 

fi rational, so that ^, is a rational function of 2, 

vM„Xi,. .. x,) = 4'{z,). 
erefore that. In order that the adjunction of z, may pro- 
ion of G, it is necessary and suf&cient that there should 
non-symmetric function of the roots fj{x,,x,, . . .x,) 
nally expressible in terms of z,. 

hat the roots of the irreducible equation g^z'j^O are 
and that its group is F. Since k [4-{z) ] = is satisfied 

(*(z,) (i-1,2,3,...//) 
(f) = 0; that ie ^''(z,), ^(zj), . . . t''(2(.) are the conjugate 
On the other hand the coefficients of the product 

(f) = t:f~4izj] iT-^iz,)] . . . [f-(>w] 

E functions of the roots of g(z} — and are therefore 
>wn; and the equation ^, = has all its roots in com- 
= 0. Consequently A:,(f ) is a power of k{f) 

Jues (^'(z,), ^/'{Z]), 'Pi^i^ coincide in sets of q each. 



■With a slight change in the notation for the z' 
"write 



Since 4'{zJ-'>*) — sf(V^*)=0, this quantity is 
It is therefore unchanged by all the sabstitutions 
changes the iineeof %), and therefore gives rise t< 
elements y which is isomorphic to r. To the s 
correspond in F the substitutions of the subgroup 
only interdiange z\,z\, .. .z\ among themseWi 
among themselves, and so on, r and T are {1 — *. 

If we coordinate all the substitutions of Q an 
unchanged, and again one substitution each fro 
converts f^ into y,, one which converts f, into 
isomorphism is also established between G and T. 
tion 1 in T correspond in G the substitutions of 
-order d which is the maximal common subgroup ' 

Accordingly G and /" are also isomorphic, an< 
morphism is (d — di)-fold, as shown by the preced 
and again ir — »'i)-fold, as appears from the oi 
Consequently 

T:r, = d:d,; -.= '^  

d d, 

If DOW we adjoin to the equation f{x) = I 
g{z) = 0, then <p,, f^, . . . f„ are rationally known 
subgroup D of order d common to the groups H 
D belongs the function 

14) i.{x„ x„... X.) = o,?,+o,n+ ...+o.„v„-' 
■and every function of X,, X2, . . . x^ which can be m 
4n terms 0/ Zj, 2,, . . , z^. belongs to the family of 
ded family. Tor every such function is ratiouE 
as the 2, , Z2, . . . z^ are adjoined to the equation 

Conversely, if we adjoin to the equation g(z 
of f{x) = 0, it follows by the same reasoning that 

15) '■>„{z„ Zj, . . . z^) =/>oK- x„...a 



THEORY OF BUBSTITCTIOMS. 

ti&t every function of z^, z^, . . .Z^ which can be rationalljf 

ied in terms of x,,X], . . . x„ belongs to the family of wg or (o 

luded family. 

ce now Po is rational in the z's, it follows from the above prop- 

lat 

Ris & rational function; and since <o is rational in the x's, it 
I that 

ich is the same thing, 

P ^ K„(po). 
>m 16) and 17') it follows thai p and p„ belong to ike same 
The adjunction of all the roots of /= to 3 — there- 
ves rise to the same rational domain as the adjunction of all 
)t9 of g^O to /^O. 

is obvious at once that the first adjanction, since it made 
. . . >P„ rational, also furnished «>, so that F reduces to A . 
e proof just given was necessary to exclude the possibility of 
rther reduction. 

we write j = t" ~ " ' ''' follows that if the second adjunction 
s the order r of <? to its >''" part, then the first adjunction 
iduces the order r, ot r to its t"" part. 

leorem XIII. The effect of the adjunction of all Ike 
f any arbitrary eqttation 13) on the reduction of the group 
'{x} — can be equally well produced by the adjunction of 

roots of an equation 12) which is satisfied by rational func- 
'f x,,x„...x,. 

spite of removal of apparent limitations, we have therefore 
parted from the earlier conditions, where only the adjunction 
ional functions of the roots was admitted. 
37. Theorem XIV. If 

f{x) = 0, g{z) = 
vo equations, the coefficients of which belong to the same 
at domain, and which are of such a nature that the solution. 



of the second and t, 
the group of f{x) = 
of an order > timet 
first equation redua 
group of f{x) = 0, 
factor of composU 
one of the two equa 
is Oacompiiahed as t 
in the roots of the I 
As ve Bee, the g 
of an equation g{z 
rational functions o 
should be rational i 
functions of x,i X2, 
From the preoei: 
Corollary I. 

simple, the equation 
groups the orders oj 

For since G red 
equal to the. order < 

Corollary II 
by the solution of 
rational functions • 

For in this case 
After the reduction 

where Vj is the Gali 

Corollary II 

is to produce a red 
r and r, cannot bi 
The preceding 
ing entirely on con( 
tions, of Theorem I 
arithmetically. Fo: 
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y = F, ie B simple equation, V, is a ratioual fimctioii 
)f f(x) = 0, and so oa. 

t of the impossibility of the algebraic solution of the 
higher degree might therefore be based on the present 

i. 

9 the adjunction of the roots of a new eqnation g(z) = 
tads to nothing more than the adjanction of rational 
the roots of f{x) — 0, so no new result is obtained, if 
both equations are connected by a rational relation. 

m XV. // 

'tcible equations, the roots of which are connected with 
 rational relations 

yi(a-,,a;j, . . .a:,; z,, Zj, , , . 2„) — 0, 
; all be obtained from a single relation of the form 

4\{x„ Xi, . . . X,) = z{z,, z„ . . . z^), 
roots of the two equations are separated. 
denote the corresponding Galois resolvents by f and C 
ucible resolvent equations of f{x) = and g{z) = by 

F{=) = 0, Q{:) = 0, 
• and r' of F and G are equal to the orders of the 
jups. 

■2,  .  x„ can be rationally expressed in terms of S, and 
in terms of T, so that 

'ix„X2, . . . X,; z„z„... £„) = *(=, :) -0. 
)n (P can be so reduced by the aid of F = and G = 
le becomes less than r in f and less than r* io C. Then 

«(f,r) = o, F{i) = o 

ion root. Consequently, if we add ; to the rational 
resolvent F(S) becomes reducible, since otherwise the 
{nation of the r'*' degree would have a root in common 
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with an equation of a ^ogree less than r. The only e 
occurs when *(J, C) is identically 0. 

If this does not happen, the adjunction of all the roots of 
or that of C breaks up the resolvent of f{x) = into factors 
have therefore the case of the last Section. We can effect 
reduction by the adjunctioflof a rational function ;; of a:,, a; 
and we have 

^{x„t„...x.) = f{z„z„...z,). 

If several such relations exist, they can all be deduced from 
the same equation. The latter can be easily found, if we 
function x such that all the others belong to an included fa 
On the other hand if *(?, :) is identically 0, it follows 
coeificients in the polynomial <*(?, X) arranged according t 
of f vanish, so that we have equations of the form 

and similarly, if iJP(?, ;) is arranged in powers of C', 

These equations can actually make *^0. But this 
to only an apparent, not an actual dependence of the 
/{ir)~0 and g{z)=0. The function -/i — O belongs to t 
of g (z) — 0, and ;'i(a;| ,Xi,...x,) belongs to the group of 



CHAPTER XV. 

IBRAICALLT SOLVABLE EQUATIONS. 
J 234 we have established the followinK theorem. If 
the equatioa f{x) = has the series of composition 

G, O,, G^,...Gy, 1, 
rs of these several groups are 

r, r,, T„...r„ 1, 
an of f(x) — can be effected by solving a series of 
ibie equations of degrees 



oh has for its coefficients functions belonging to G 
i functions belonging to G, , the second coefficients 
1 and roots belonging to G^, and so on. All these 

Zi = 0, /, = 0,...j/, = 0, /.+,=0 
^j that the roots of any one of them are all rational 
e another, so that the order of the corresponding 
X) its degree i. e., the gronp is of the type li(§ 129). 
iw to examine under what circnmstances all these 
become binomial equationsof order}»A 

bioDitl in the quantities belonging to the family of 
)r words, we have to determine the necessary and 
ion that /(cr) = shall be algebraically solvable. 
alt it is neoessary that the factors of composition 

onld all be prime numbers, p,,Pi,Pi, . . . For these 

18 degrees of the eqaationa /i = 0, i'j = 0, j;, = 0, . . . 



r 
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ThiB conditioQ is also sufficient, as has already been 
§§ 110, 111, Theorems X and XIL Not that every fanctl 
ing to Gx on being raised to the (Pa)**" power gives i 
belonging to 0\—i; but some function can always be foi 
has this property, as soon as the condition above is fulfilL 

We have then 

Theorem I. In order that the algebraic equatio 
may be algebraically solvable, it is necessary and mifficie 
Jactors of composition of its group sTiould all be prime n 

% 240. By the aid of Theorem XII, § 110 we can givt 
rem another form 

Theorem II. in order that the algebraic equatif 
may be algebraically solvable, it is necessary and sufficu 
group sliould consist of a series of substitutions 

1, (,,^j, (,,...(,., (,+1 
which possess the tvx> following properties: 1) the svbsi 
the group Gi.= \1, t,,ti, . . . '*_i, tt,\ are commutative, -e^ 
whi e h b tlot i g t o- the group G»_i= J 1, (i, tji . . . (a-i, *a- 
the lowest power of (* , which occurs in G* _ , has for its  
prime number (cf also § 91, Theorem XXIV). 

§ 241. Again the investigations of § ()4 enable ns to 
orem I in still a third form. It was there shown that if 
cipal series of G 

2) (;, H, J, K,...l 

does Lot coincide with the series of composition, then 
obtained from 2) by inserting new groups in tlie latter, f 
between H and J the groups 

H', H", . . . Hi^\ 
Then the factors of composition which correspond to the 
from H to H', from H' to H", . . . from H'*> to J are 
Accordingly, if all the factors of compoeition belongin 
are not equal, then G has a principal series of Gom[ 
We saw furtlier (§95) that, if, in passing success 
H, H', H", ... to the following group, the correspondin) 
compoeition were all prime numbers, (which then, as w 
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11 eqnal to each other), and only in this ease, the siibatitn- 
 are commatative, except those which belong to J. From 

rem III. in order that the algebraic equation f{x) = 
jebraically solvable, it is necessary and sufficient that its 
series of composition 

G, H, J, K,...l 
isess theproperty that, the substitutions of every group are 
've, except those tvhich belong to the next following group. 

.bstitatione of the last group of the series, that which pre- 
ideDtical group, are therefore all commutative. 

Before proceeding further with the theory, we give a 
ations of the results thus far obtained. 
rem IV. If a group P is simply isomorphic iviih a 
•oup G, then F is also a solvable group. 
§ 96 the factors of composition of G coincide with those 
Qsequenfly Theorem IV follows at once from Theorem I. 
rem V. // the group r is multiply isomorphic toith 
le group G, and if to the substitution 1 of G corresponds 
up I of r, finally if - is a solvable group, then F is also 

Lotors of composition of F consist, from § 96, of those of 
jse of -. Beference ia Theorem ][ shows at once the 

the present theorem. 
rem VI. If a group O ia solvable, all its subgroups 
'Ivable. 
Bs usual 

, all the substitutions of G, obtain f,, ^t, . . . f^, and form 

8(f) is(i-?,)(5-«... (;--»,)■ 

icteristic for the solvability of G thatff(?) can be resolved 
factors by the extraction of roots. 
' H of order r is a subgroup of G, and if tUb applica- 
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tion of H to 5, gives rise to the values ?, , ?a , , . . J^ , tli 
are alloontaiaed among f, , ?si    ^r- Consequently 

»(5)s(5-5,)(=-f,),..(f-f.J 
isadiTisorot g(?). Then A(?) is also resolvable algebraic 
linear factors, i. e., ff is a solvable group. 

We might also have proved this hy showing that all th 
of composition of H occur among those of G. 

Theorem VII. // the order of a group Q is a poi 
prime number p, the group is solvable. 

The group G is of the same type as a subgroup of th 
which has the same degree n &b O and for its order the 
power p^ which is contained inw! (c/, §§ 39 and 49). That t 
group is solvable follows from its construction {§ B9), all o: 
tors of composition being equal to the prime number p. I 
then from Theorem VI that G is also solvable. 

Theorem VIII, // the group G is of order 
r = p,'p/p,yp,K.. 
where p,,P3,Pz,p,, ... are different prime numbers such t 

Pi>p/Pl''P4*---, P2>Pl''P,^ ■; Ps>P'--; 

then G is solvable.* 

We make use of the theorem of § 138, and write r = p," 
then p,> q. G contains at least one subgroup H of the c 
If we denote by fcp, + 1 the total uamber of subgroups of i 
contained in Gj and by p^H the order of the maximal subgrt 
which is commutative with H, then r — p^'^i{hp^-\- 1). Since 
and q<p,, we must take k = Qi and r = p,'i. That is, G 
commatative with H. By the solution of an auxiliary eqi 
d^ree q, with a group of order q, we arrive therefore at a 
belonging to the family of H, and the group Q reduces to h 
Theorem X). From Theorem VII the latter group is i 
Accordingly, if the auxiliary equation is solvable, the gro 
solvable also. 

The group of the auxiliary equation with the order q = 
admits of the same treatment as G. Its solvability therefori 
•!.. Sylow: Math. Ado. V, p.I«G. 
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t of a oev auxiliary equation with a group of order p^p^ . , ., 
a. 

I. We return to the general investigationB of § '241. 
transition from <r to (r, decomposes the Qalois resolvent 
into — =p, (actors. The transition from G, to Gj decom- 

ch of these prsTiously irrednoible factors inte —' =^2 new 
ind so on. . ' 

) f(x) — was originally irreducible, but is finally resolved 
ar factors, it follows from % 235 that once or oftener a reso- 
' f{x) or of its already rationally known factors will occur 
eously with the resolution of the Galois resolvent equation 
I already known rational factors. The number of factors 
sh f{x) = reaolvea, which is of course greater than 1, moat 
i35, be a divisor of the number of factors into which the 
esolvent equation divides. In the case of solvable equa- 
e latter is always a prime number Pi,pi,Ps, . . . Oonse- 
the same is true of f(x) = 0. All prime factors of the 
I of the solvable equatio*t f{x) = are factors of composi- 
'he group G, and in fact each factor occurs in the series of 
'.ion as often as it occurs in n. 
void a natural error, it must be noted that if in passing 

to <TA the polynomial f{x) resolves into rational factors 
'hich is f\(x), this factor does not necessarily belong to the 
'a. It may belong to a family included in that of Gt.. 
nber of values of f\{x) is therefore not necessarily equal 
It may be a multiple of this quotient. And the product 
'').{x) ... of all the values of f\{x) is not necessarily equal 

bat may be a power of this polynomiaL 
ivill now assume that n is not a power of a prime number p, 
n includes among its factors different prime nnmbers. Then 
; prime numbers also occur among the factors of composi- 
;he series for G, and consequently (§ 94, Corollary I) G has 
lal series 

G, H,J,K,... M, 1. 

that in one of the series of composition belonging to G 
oups 
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3) H', H",... fl-l") 

occnr between H and J. Since n includes among its fac 
least two different prime numbers, f(x) must resolve into fai 
least twice in the passage from a group of tlie series of com] 
to the following one. Since the number of the factors of f{x 
same as the factor of composition, and since the latter is tli 
for all the intermediate groups 3), the two reductions of f{x) 
both take place in the same transition from a group H of tl 
cipal series to the nest following group J. It is to be parti 
noticed, that all the resolutions of f{x) cannot occur in the trt 
from the last group M to 1, that is, within the groups 

M',M",...M('-'>,1, 
following M in the series of composition. At least one of the 
tions diast have happened before M. Suppose, for example, t 
first resolution occurs between H' and H". Then it folloTi 
§ 235 that H' is non-primitive in those elements which it c 
transitively, and that H" is intransitive, the systems of intrar 
coinciding with the system of non- transitivity of if. The s: 
transitivity then occurs in all the following groups M'", . . . H 
likewise in the next group J of the principal series, which by a 
tioQ is different from 1. 

Suppose that J distributes the roots in the intransitive i 

x'lfX'i, . . .x\; ar",,ic"i . , .x"j; ... x'^', x* j\ , . . a^" 

these systems being taken as small as possible. Then the exj 

AW = (X-I-,) («-!.-,)... «-«',) 

becomes a rationally known factor of f{x), which does not 
any smaller rationally known factor. Since from the prope 
the groups of the principal series 

G-'JG = J, 
all the values of f\{x) belong to the same group J. They an 
fore all rationally known with f\{x). Of the values of f, 
know already 

/'.(«) = (x-;,^,) (x-af,) ...(i-x',), 
f'\<x) = {x^tc",) (x—i",) ...(I— «",), 



U->(x) = (x—xf>) {x—x,(-') . . . {x—xf^). 



. 4 
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If there were other values, these must have roots in common with 
some /a^"^ (x). Then /a^"^ (x) and consequently f\{x) would resolve 
into rational factors. This being contrary to assumption, f\{x) has 

only m= - values, and is therefore a root of an equation of degree 

m. If this equation is 

4) ' v{y)^{y-f'K) (v-f'\) . . . (y-/A'->) = 0, 

then f{x) is the result of elimination between 4) and 

5) /'^(a,) = a;*-vWK-^+vM2/')^'"-'— . . • =0,* 

where 

^1 (2/0 = a^'i + aj'2 + a^'a + . . • + ix^'i- 
^2(2/') =x\x'2 + x\x\+ . . . +x'i_^x\', 



so that (pi,<f'2j • ' ' are rationally expressible in terms of f\. Since 
f{x) is the eliminant of 4) and 5), it follows from § 228 that the 
group of f(x) = is lion-primitive. 

These conclusions rest wholly on the circumstance that J belongs 
to the principal series of 6r, and that accordingly G^^J G = J. It 
is only under this condition that all the values of f\{x) which occur 
in the rational domain of f{x) = are rationally known. This shows 
itself very strikingly in an example to be presently considered. 

Theorem IX, If the degree n of an irreducible algebraic 
equation is divisible by tivo different prime numbers, then n can 
always be divided into two factors n = im, such that the given equa- 
tion f{x) = resolves into m new ones 

f\ix) = 0, f'\(x) = 0, . . . f(V{x) = 0, 

which are all of degree i, and the coefficients of which are obtain- 
able from known quantities by the solution of an equation of degree 
m.* The group of the equation f{x)—0 is non-primitive. 

For the purpose of comparison we consider the solution of the 
general equation of the fourth degree, to which, since 4 = 2\ the 
preceding results are not applicable. It appears at once that both 
of the resolutions of the polynomial into linear factors take place 
in the domain belonging to the last group of the principal series 
M, M', M'\ ... 1. The series of the equation consists of the follow- 
ing groups: 

*Abel: Oeuvres completes II, p. 191. 
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1) the symmetric group; 

2) the alternating group; 

3)' [l,(i,x,)(ai«,),(«i,a:.)(a,,x,)(»,iD,)(a!,3i)]; 

4) [!,(»!, x,)(x.i.)], i')[l, {'",':.) {".''.n or4")[l,(;., 

5) the group 1, 

The principal serieB consists of the gronps 1), 2), 3), 5). ' 
from 3) to 4) and that from 4) to 5) both give the pri 
The group 4) is the first intransitive one. For this/(a^) r 
the two ff^tors (a;— a;,) {a; — x^) and (ic— a;,) (a; — x,). 
the group 4) does not belong to the principal series, all 
uesof (a; — x,) {x — a;j) are not known. If we hadchoaei 
4') instead ol 4), we should have had the two factors {a: — 
and {x — x^{x — ar,), and so on. The product of thes* 
give the third power of f{x)^{x — x,) (x — x^} (x—x,) 
We can iherefore, tp be sure, resolve f(x} into a proi 
factors of the second degree. But the coefficients of 

4 
(actor are the roots not of an equation of degree -=^2, 

equation of degree 6. 

If we consider farther the irreducible solvable equal 
sixth degree, it appears that these are of one of two tj] 
ing as we eliminate y from 

3^'-/.{i/K +Uy)^-fM = 0, y'~c,y + e, = 

1 244 The preceding results enable us to limit on] 
tion to those equations f{x) = the degree of which is a 
prime number p. For otherwise the problem can be sii 
regarding the equation as the result of an elimination. 
more we may assume that such a resolution into factors 
sidered in the preceding Section does not occur in the 
present equations of degree p'', since otherwise the same 
tion would be possible. We assume therefore tliat the g 
equation is primitive, thus excluding both the above post 

With this assumption we proceed to the investiga 
group. Suppose that the degree of the equation is p*- 
principal series of composition is 
2) G, H,J,K,... M, 1, 
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1 paaaing from Q throngh H, J, . . . to ilf, no resolution of 
into factors can occur. Othdrwiee we should have the case of 
,at Section, and G would be non- primitive. The passage from 
M "prepares" the equation f{x) for resolution, but does not 
; resolve f{x) into factors. The X resolutions of the equation 
gree p*- therefore occurs iu passing from the last gronp of the 
ipal series to identity, that ie, iu 

M,M', M",...M'-\ 1. 
dingly wa must have t^X. The application of ^94, Corol- 
[V shows that all the substitntions of M are commutative, 
equation characterized by the family of ^ is therefore an 
in equatiou of degree p* {§ 182). From § 94 there belongs to 
transition from one groap to the next in the last series the 
' of composition p, so that the order of M is equal to p'. 
I M can be obtained by combining > groups which have only 
[entical operation in common, which are similar to each other, 
re of order p. Suppose that these are 

M<'-'\ M\-'-'> M^'-'^ . . . JW(-_-"- 
the above properties it appears that every one of these groups 
iposed of the powers of a substitution of order p 

s, «,, 8,, . . .a,_i, 
;hat on account of the commutativity of the groups (cf. § 95) 
ast also have 

^ s,''V = V«.'' (",^ = 0,1, ....<— 1). 
iqueutly every substitution of M can be expressed by 

rom the same commutative property 

f substitution of the group M is of order p. Our Abelian 
ion therefore belongs to the category treated in § 186, and Its 
tations are there given in the analytic form 
= |ai,23, .. .z, Zj + Qi, 33 + a3,...z,4-o.| (mod. p). 
lymmetric occnrrenoe of all the indices z,,Zj, . . .z, already 
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shows that in the reduction of ilf to 1 exactly » r 
polynomial f{x) will occur, as ia also recognized 
example 

Af" = |z,,2,,2j, ...Z, Zi,2a,2|+aa, .- .2. + O.I 

Accordingly x = i, and we have as a first restilt 

Theorem X. The tost group of the princ 
primitive, solvable equation of degree p' consists 
metic substitutions 

(^|2|, 2,, ...Zk 2i + ai,3j + a,, , . . 3. -(-a^[ 

the roots of the equation being denoted by 

ar^,^....., K-0,l,2,...p— 1) 

Since G, the group of the equation, is commul 
follows from § 144 that G ia a combination o! arit 
metric substitutions. We have therefore as a furth 

Theorem XI. The group G of every solvabl 
tion of degree p' consists of the group of the ari. 
tions of the degree p', combined unih geometric sul 
same degree 

U^Z,,Zj,...Z, a|2i + &,«a + ... + Ci2.,a22,+ fea3a 

(mod. p), 

§ 245. Before proceeding further with the gene: 
we consider particularly the cases » — 1 and «"— 
which we have already treated above. 

We consider first the solvable, primitive equati( 
gree p. ' We may omit the term " primitive," sinct 
ia impossible with a prime number of elements. 

The group of the most general solvable equation c 
then coincide with or be contained in 
Q=\z az-\-a\ (a=l,2,...p—V, a = 0,l,...p 
We prove that the former is the case, by construotiii 
composition from Qio M and showing that all the 
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ion which oocnr are prime numbers. We divide p — 1 into its 
e iBctors: p — 1 =9153. . . , and construct the anbgronp 

?=|s 019,3 + 0.1 (a,-l, 2, ...^^; «, = 0, 1, . . .p— 1), 

the subgroup 

= U aa9.9,2 + fl»] {a,= l, 2,...?^; a, = 0, 1, . . .p — 1), 

K> on. Then H,J,... all belong to the principal series of G. 
we have, for example G~'JG = J. For, if we take 

t~\z az + .\, 

t-'=\z ^{s--")!, 

= 2 02^,912 H ^ , 

at the transformation of a substitution of J with respect to any 
itution of G leads to another substitution of J. Evidently the 
ipal series coincides here with the series of composition. The 
rs of composition 9i , 9?i -  ' are all prime numbers. The proof 
>n complete. 

'. a substitution of G leaves two roots sc/, and :r„ unchanged, then 
ves all the roots unchanged. For from / = a^ -|- a , /i = a/i + a 
Ts necessarily or^l, u^^O, and the substitution becomes idea- 

1 = |2 Z\. 

I a substitution of G leaves one root ^>. unchanged and if it con 
X\+, into Xii, then every y:, becomes a?i^_AM" -*) + *■ For fi'om 

-i+a, /.=«(/ + l) + i, follow8a=/.— /,«:EE/(-i— /<— 1), and 

abstitution is of the form j z (;i — A)z-\->.{i. — ,'i-|-I)|. 

I a substitution of G leaves no root unchanged, and if it con- 

Tx into a-^, then every Xy is converted into a:„^^_^. For only 
is case is there no solution A of the congruence A^^o-'. + a, 

arzl. If ^ + 1 is to become /', then we must have /i = A+a. 
gives a — ;i — /, and the substitution is I 2 2 + /' — ^|. 
ttese are precisely the same results which the earlier algebraic 
L>d famished us. 



ALSEBBAIOALLY SOLVABLE EQUATIOKe. 

Theorem XII. The general solvable equations of p 
degrsep are those of §196. Their group is of order p{p — 1) 
eonsists of the siAaUtutio'nx of the form 
s=\z az + a\ {a~l,2,...p—l;a. = 0,l,...p—l) (mod 

Its factors of composition are all prime divisors of p — 1, eocft 
tor ocurring as many times as it occurs in p — 1, and beside ; 
p itself. 

§ 246. We pass to the general solvable primitive eqnatioi 
d^ree p". As a starting point we have the arithmetic substitul 

t^\Zi,Z3 Si + «i,Zj + a5| (mod-p), 

which form the last groop M of the corresponding principal se 
To arrive at the next preceding group, we mnat deternuDe a su 
tation s which has the following properties. Its form is 

8^ I s,, Zi OiZ, + 6iZj, Oj^i + fcj% I (mod-p), 

and the lowest power of s which occurs in itf, and is therefoi 
the form t, mnst have a prime nomber as exponent. Since no> 
the powers of s are of the same form as s itself, the required p 
most be \z,,Z-, z,,Z3\= 1. That is, the order of the eabatiti 
must be a prime number. 

From these and other similar considerations we arrive at the 
lowing results, * the farther demonstration of which we do not e 
npon. 

Theorem XIII. The general solvable, primitive equat 
of degree p' are of three different types. 

The first type is characterized by a group of order 2p\p — 
the substitutions of which are generated by the following: 

\z„Z, z: + a„z,+ a,\ (a„a,~0,l,2,...p-l), , 

\z„z, a,z,,a^z,\ (a,, a„ = l,2,3, . . .p— 1). ^""^^ 

\z„z, z,,z,\. 
The groups belonging to the second type are of order 2 p"{p'- 
and their substitutions are generated by the following : 



THEORY OT BUBOTITPTIOMB. 

+ a.,z, + «,| , (a„«,=0,l,2,...p-l), 

■,-+bez3,bZi + az,\ (a,6=0, 1, . ..p — 1; but not a,b^O), 
,— 2il, (mod.py 

s any quadratic remainder {mod. p). 
roups of the third type are of order 24j)'(p — 1). The 
\iieir eubstitutiona is different,- aacording as p^\ or p^% 
In the former case the group contains beside the two 
ions 



(mod-p) 



2. + «M «, + ».! (-,,0,-0,1, 2,... p-1), 

az„az^\ {a=l,2,3...p — 1), 

following four: 

\z„z, iz„—iz,\, \z„Zj izt,iz,\, 

\zi,Z3 z, — iz„z, + iZ3\, \z,,Z3 z, + Z3,z, — z^\, 
is a root of the congruence t"^ — 1 (mod-p). If p^3 
, the group contains the first (too std}stitations above, 
mth the folloufing four: 

2, 3,, — Z,|, l^ii^j eZj-i-tZtttz, — 8Z,\, 

S, ^{l + St)z, + {s-f)z„ (t + s')z, + {st-8-t)z,\, 

z, sz, + {\ + t)z„{t—l)z,-sz,\, 
and t satisfy the congruence a' + C^ — 1 {mod.^. 
= 3 (he JJrst and second types, and for p — 5 the second 
not general. These types are then included as special 
ike third type, which is always general. 

We return from the preceding special oases to the more 
lieory. 

lame method which we have employed above io the case of 
e applied in general to determine the aabstitations of the 
which precedes Jtf in the principal series of composition, 
ined by adding to the sabstitntionB 

= \Zi,Zj,...Z^ Z| + «i,2g + «Q,   ■Z. + 'Ik) (mod. p) 

Fnrtber snbetitntion 

■^, . . . z^ a,z,-\-bfZ,+ . . .+CiZ,,ajZ,-\-b^3+ . . . +c^z., . . . \ 
(mod p), 
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wb«re tii« first power of s to ooonr among the f s has a pii 
neat Siaoe all the powers of s are of the same form as 
aaj power of a which occnre among the t'e must be eq 
OoDseqaeoUy a must be of prime order. It is further i 
ihe group L = \t,a\ shotdd not become hob- primitive. 

§ 248. From the form to which the substitatioas of < 
stricted, we have at once 

Theorem XIV. All the Kubatitutions, except identt 
belong to the group 

M^\z„Zi,...Z, Zi + a,,^j + a3,... S, + a,| 
affect all the elements. 

The coDverse proposition, which was true for x = 1, doee 
in the general case. For the element ic^,^,. .., is tmaffec 

fl=|2,,2j,...2 a,Z, + b,Z,+...-\-C,Z^+a,, (IjS,+6^3+... + Cj2 

only in esse the z oongmenees 

{a, — l)Z,+ &iZa+...+ C,Z. + a, = 0, 

„. Oi2a + {&ii — l)i2s+  + Ci2, + aj=0, 

6) (m 

«,z,+ 6.a,+ ...+K— l)2, + fl,=0 

are satisfied. Conseqnentlf , as soon as the determinaiit 
— 16, ...c, 

fc,— 1 . . . c, 

^0 (mod.p), 

6, ...C— 1 

the a, , a,, ... a, can be. so chosen that the congmences S 
satisfied by any system z,,Zj, . , .z^. 

We consider now alt the sabstitations of the group 
leave one element unchanged Since the distinction bet' 
elements is merely a matter of notation, we may regard x„ 
the fixed element Then the substitutions which leave this 
unchanged are 

r=|2„a:„...z, a,2, + 6,z, + ...+c,2„ a,2, + 6,2, + ...+ 
If we adjoin a^,»...* to the equation, the geon-p Q reda 



THKO&Y or aUBSTITDTIOIIS. ^ 

11 tlie sabatitations ol O are obtaiaed by appending to those 
le constants a,, a,, , , . and sinoe the a'& can be chosen in p* 
b follows that the adjunction of a single root reduces QioiiB 
•art. 

t9. We will now consider the possibility that a snbstitntion 
saves x-\-\ elements ir^, >,,...,, unchanged. Then the con- 
» S) of the preceding Section are satisfied by > + 1 systems 
les Zi,Z), . .  s, 

z, = :,(«, z, = :,'*>, . . . 2, = :.'*>, {-t = o, i, 2, . . . «). 

11 howeyCT regard not the coefiSoients a,b, . , . c; a ot the 
ition bat the values Z,^^\ C,'^' . . . C^ as known, and attempt 
rmine the snbstitntion from these data. If now the determ- 



1 



^1 C, 



=0 (mod. p), then the ^ systems T,), T,), . . 
ongmenoes with the onfaiown quantities a, 6, 

— i):,w+ &,:,'*>+... + c,c,w+oi^o, 
:,w +(6,— i)c,(M+... + cc,w-i-o,=o, 



(^ = 0,1,.-') 

+ &.:,« +... + (c,— i)c.w+«,=o, 



ily one solution each, viz: 
a, = 1, 6, = 0, . . 
o, = 0, 6j = l,.. 



= 0; a, = 0. 



a. = 0, 6, = 0,...Cc = li a,=0, 
He solutions furnish together the identical substitution 1. 
designate now a sj/Btem of i + l roots of an equation for 
E^O {mod. p) aa a system of conjugate roots. 
re then 

eorem XV. If a substitution of a primitive solvable 
of degree pf leaves unchanged ' + 1 roots which do not 
conjugate system, the substitution reduces to identity. 
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If therefore we adjoic ): + 1 snch roots to tte 
group Q redncea to those eubstitotione which leav' 
nnohimged, i. e., to the identical substitatiou. The eqi 
BoNed. 

Theorem XVI. All the rooU of a solvable pt 
tion of degree p* can be rationally expressed in terms 
among theTti, provided these do not form a conjugate si 

If we ohoose the notatioB so that one of the j: 
Xj,,(^..',, the determioant becomes 

, C, ... C, I 



±E = 



',c", ...;", 



CO ;,<" . . . c('», I 

If the roots are not to form a conjugate system, 
(mod. p). The nnmber r of systems of roots whioh sat 
dition ia determined io § 146. We foond 

r = {p'— I) {p'—p){p-~~p^ .. .{p'—p'- 
Theorem XTII. For every root a;^,^,,..,^ t 
mine 

iP'—l) {p'—p) .   (p'—p—') 
1, 2, ... . 

»yatema of x roots each such that these * + I roots do m. 
j'ugaie system, so that all the other roots can be rationt 
in terms of them. The si/stem composed of the x-^-l 

a'o.o, «....> a;,,e,o..,o, iC„,,,»...o< ... ^e.e.e,,. 
is appropriate for the expression of all the roots. 

These results tlirow a new light on oar earlier inv 
regard to triad equations, in particular on the solutioi 
sian equation of the ninth degree {cf. § § 203-6). It 
we can construct in the same way quadruple equatii 
p', and so on. 



